


Uscillations and
Vlechanical Waves

e begin this new part of the text by studying a special type of motion called

periodic motion. This is a repeating motion of an object in which the object

continues to return to a given position after a fixed time interval. Familiar ob-
jects that exhibit periodic motion include a pendulum and a beach ball floating on the
waves at a beach. The back and forth movements of such an object are called oscil-
lations. We will focus our attention on a special case of periodic motion called sim-
ple harmonic motion. We shall find that all periodic motions can be modeled as
combinations of simple harmonic motions. Thus, simple harmonic motion forms a ba-
sic building block for more complicated periodic motion.

Simple harmonic motion also forms the basis for our understanding of mechani-
cal waves. Sound waves, seismic waves, waves on stretched strings, and water
waves are all produced by some source of oscillation. As a sound wave travels
through the air, elements of the air oscillate back and forth; as a water wave travels
across a pond, elements of the water oscillate up and down and backward and for-
ward. In general, as waves travel through any medium, the elements of the medium
move in repetitive cycles. Therefore, the motion of the elements of the medium bears
a strong resemblance to the periodic motion of an oscillating pendulum or an object
attached to a spring.

To explain many other phenomena in nature, we must understand the concepts of
oscillations and waves. For instance, although skyscrapers and bridges appear to be
rigid, they actually oscillate, a fact that the architects and engineers who design and
build them must take into account. To understand how radio and television work, we
must understand the origin and nature of electromagnetic waves and how they prop-
agate through space. Finally, much of what scientists have learned about atomic
structure has come from information carried by waves. Therefore, we must first study
oscillations and waves if we are to understand the concepts and theories of atomic
physics.

< Drops of water fall from a leaf into a pond. The disturbance caused by the falling water
causes the water surface to oscillate. These oscillations are associated with waves moving
away from the point at which the water fell. In Part 2 of the text, we will explore the principles
related to oscillations and waves. (Don Bonsey/Getty Images)
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Oscillatory Motion

A In the Bay of Fundy, Nova Scotia, the tides undergo oscillations with very large
amplitudes, such that boats often end up sitting on dry ground for part of the day. In this
chapter, we will investigate the physics of oscillatory motion. (www.comstock.com)



P eriodic motion is motion of an object that regularly repeats—the object returns to a
given position after a fixed time interval. With a little thought, we can identify several
types of periodic motion in everyday life. Your car returns to the driveway each after-
noon. You return to the dinner table each night to eat. A bumped chandelier swings
back and forth, returning to the same position at a regular rate. The Earth returns to
the same position in its orbit around the Sun each year, resulting in the variation
among the four seasons. The Moon returns to the same relationship with the Earth
and the Sun, resulting in a full Moon approximately once a month.

In addition to these everyday examples, numerous other systems exhibit periodic
motion. For example, the molecules in a solid oscillate about their equilibrium posi-
tions; electromagnetic waves, such as light waves, radar, and radio waves, are character-
ized by oscillating electric and magnetic field vectors; and in alternating-current elec-
trical circuits, voltage, current, and electric charge vary periodically with time.

A special kind of periodic motion occurs in mechanical systems when the force act-
ing on an object is proportional to the position of the object relative to some equilib-
rium position. If this force is always directed toward the equilibrium position, the mo-
tion is called simple harmonic motion, which is the primary focus of this chapter.

15.1 Motion of an Object Attached to a Spring

As a model for simple harmonic motion, consider a block of mass m attached to the
end of a spring, with the block free to move on a horizontal, frictionless surface
(Fig. 15.1). When the spring is neither stretched nor compressed, the block is at the
position called the equilibrium position of the system, which we identify as x = 0. We
know from experience that such a system oscillates back and forth if disturbed from its
equilibrium position.

We can understand the motion in Figure 15.1 qualitatively by first recalling that
when the block is displaced to a position x, the spring exerts on the block a force that
is proportional to the position and given by Hooke’s law (see Section 7.4):

F,= —kx (15.1)

We call this a restoring force because it is always directed toward the equilibrium posi-
tion and therefore opposite the displacement from equilibrium. That is, when the block
is displaced to the right of x = 0 in Figure 15.1, then the position is positive and the
restoring force is directed to the left. When the block is displaced to the left of x = 0,
then the position is negative and the restoring force is directed to the right.

Applying Newton'’s second law 2 F, = ma, to the motion of the block, with Equation
15.1 providing the net force in the x direction, we obtain

— kx = ma,
k

ay = ——x (15.2)
m
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Active Figure 15.1 A block
attached to a spring moving on a
frictionless surface. (a) When the
block is displaced to the right of
equilibrium (x > 0), the force
exerted by the spring acts to the
left. (b) When the block is at its
equilibrium position (x = 0), the
force exerted by the spring is zero.
(c) When the block is displaced to
the left of equilibrium (x < 0), the
force exerted by the spring acts to
the right.

Zﬁ At the Active Figures link,
at http://www.pse6.com, you
can choose the spring constant
and the initial position and
velocities of the block to see
the resulting simple harmonic
motion.

Hooke’s law
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A PITFALL PREVENTION

15.1 The Orientation of
the Spring

Figure 15.1 shows a horizontal
spring, with an attached block
sliding on a frictionless surface.
Another possibility is a block
hanging from a vertical spring. All
of the results that we discuss for
the horizontal spring will be the
same for the vertical spring, ex-
cept that when the block is
placed on the vertical spring, its
weight will cause the spring to ex-
tend. If the resting position of
the block is defined as x = 0, the
results of this chapter will apply
to this vertical system also.

A PITFALL PREVENTION

15.2 A Nonconstant
Acceleration

Notice that the acceleration of
the particle in simple harmonic
motion is not constant. Equation
15.3 shows that it varies with posi-
tion x. Thus, we cannot apply the
kinematic equations of Chapter 2
in this situation.

That is, the acceleration is proportional to the position of the block, and its direction is
opposite the direction of the displacement from equilibrium. Systems that behave in
this way are said to exhibit simple harmonic motion. An object moves with simple
harmonic motion whenever its acceleration is proportional to its position and is
oppositely directed to the displacement from equilibrium.

If the block in Figure 15.1 is displaced to a position x = A and released from rest,
its initial acceleration is — kA/m. When the block passes through the equilibrium posi-
tion x = 0, its acceleration is zero. At this instant, its speed is a maximum because the
acceleration changes sign. The block then continues to travel to the left of equilibrium
with a positive acceleration and finally reaches x = — A, at which time its acceleration
is + kA/m and its speed is again zero, as discussed in Sections 7.4 and 8.6. The block
completes a full cycle of its motion by returning to the original position, again passing
through x = 0 with maximum speed. Thus, we see that the block oscillates between the
turning points x = =A. In the absence of friction, because the force exerted by the
spring is conservative, this idealized motion will continue forever. Real systems are gen-
erally subject to friction, so they do not oscillate forever. We explore the details of the
situation with friction in Section 15.6.

As Pitfall Prevention 15.1 points out, the principles that we develop in this chapter
are also valid for an object hanging from a vertical spring, as long as we recognize that
the weight of the object will stretch the spring to a new equilibrium position x = 0. To
prove this statement, let x, represent the total extension of the spring from its equilib-
rium position without the hanging object. Then, x;, = — (mg/k) + x, where — (mg/k) is
the extension of the spring due to the weight of the hanging object and x is the instan-
taneous extension of the spring due to the simple harmonic motion. The magnitude
of the net force on the object is then Fy — F, = — k(— (mg/k) + x) —mg = — kx. The
net force on the object is the same as that on a block connected to a horizontal spring
as in Equation 15.1, so the same simple harmonic motion results.

Quick Quiz 15.1 Ablock on the end of a spring is pulled to position x = A
and released. In one full cycle of its motion, through what total distance does it travel?
(a) A/2 (b) A (c) 2A (d) 4A

15.2 Mathematical Representation
of Simple Harmonic Motion

Let us now develop a mathematical representation of the motion we described in the
preceding section. We model the block as a particle subject to the force in Equation
15.1. We will generally choose x as the axis along which the oscillation occurs; hence,
we will drop the subscript-x notation in this discussion. Recall that, by definition,
a= dv/dt = d%x/dt?, and so we can express Equation 15.2 as

d*x k

= T —X

— 15.3
d? m ( )

If we denote the ratio k/m with the symbol »? (we choose ®? rather than o in order to
make the solution that we develop below simpler in form), then

k
w? =— (15.4)
m
and Equation 15.3 can be written in the form
d?x
= = _,2
i WX (15.5)
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What we now require is a mathematical solution to Equation 15.5—that is, a func-
tion x(¢) that satisfies this second-order differential equation. This is a2 mathematical
representation of the position of the particle as a function of time. We seek a function
x(t) whose second derivative is the same as the original function with a negative sign
and multiplied by w?. The trigonometric functions sine and cosine exhibit this behav-
ior, so we can build a solution around one or both of these. The following cosine func-
tion is a solution to the differential equation:

x(f) = A cos(wt + ¢) (15.6)
where A, w, and ¢ are constants. To see explicitly that this equation satisfies Equation
15.5, note that

d d
Lo AL cos(wt + ¢) = —wAsin(wf + b) (15.7)
dt dt
d*x AL gin(wt + ) 24 cos(wt + ) (15.8)
— = - —sin = — cos .
P ) 5 ) w w
Comparing Equations 15.6 and 15.8, we see that d?x/di®> = —w?x and Equation 15.5 is

satisfied.

The parameters A, w, and ¢ are constants of the motion. In order to give physical
significance to these constants, it is convenient to form a graphical representation of
the motion by plotting x as a function of ¢, as in Figure 15.2a. First, note that A, called
the amplitude of the motion, is simply the maximum value of the position of the
particle in either the positive or negative x direction. The constant w is called the
angular frequency, and has units of rad/ s.l It is a measure of how rapidly the oscilla-
tions are occurring—the more oscillations per unit time, the higher is the value of w.
From Equation 15.4, the angular frequency is

4/1%
w = -
m

The constant angle ¢ is called the phase constant (or initial phase angle) and,
along with the amplitude A, is determined uniquely by the position and velocity of

(15.9)

the particle at ¢ = 0. If the particle is at its maximum position x = A at ¢ = 0, the
phase constant is ¢ = 0 and the graphical representation of the motion is shown in
Figure 15.2b. The quantity (w¢ + ¢) is called the phase of the motion. Note that
the function x(¢) is periodic and its value is the same each time w? increases by 27
radians.

Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation
of simple harmonic motion. If we are analyzing a situation and find that the force
on a particle is of the mathematical form of Equation 15.1, we know that the motion
will be that of a simple harmonic oscillator and that the position of the particle is
described by Equation 15.6. If we analyze a system and find that it is described by a
differential equation of the form of Equation 15.5, the motion will be that of a sim-
ple harmonic oscillator. If we analyze a situation and find that the position of a
particle is described by Equation 15.6, we know the particle is undergoing simple
harmonic motion.

1 We have seen many examples in earlier chapters in which we evaluate a trigonometric function of

an angle. The argument of a trigonometric function, such as sine or cosine, must be a pure number.
The radian is a pure number because it is a ratio of lengths. Angles in degrees are pure numbers simply
because the degree is a completely artificial “unit”—it is not related to measurements of lengths. The
notion of requiring a pure number for a trigonometric function is important in Equation 15.6, where
the angle is expressed in terms of other measurements. Thus, @ must be expressed in rad/s (and not,
for example, in revolutions per second) if ¢is expressed in seconds. Furthermore, other types of func-
tions such as logarithms and exponential functions require arguments that are pure numbers.

Position versus time for an
object in simple harmonic
motion

A PITFALL PREVENTION
15.3 Where’s the Triangle?

Equation 15.6 includes a trigono-
metric function, a mathematical
Jfunction that can be used whether
it refers to a triangle or not. In
this case, the cosine function
happens to have the correct be-
havior for representing the posi-
tion of a particle in simple har-
monic motion.
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Active Figure 15.2 (a) An x-vs.-{
graph for an object undergoing
simple harmonic motion. The
amplitude of the motion is A, the
period (page 456) is 7, and the
phase constant is ¢. (b) The x-vs.-¢
graph in the special case in which
x = Aatt= 0and hence ¢ = 0.

Zﬂ At the Active Figures link
at http://www.pse6.com, you
can adjust the graphical repre-
sentation and see the resulting
simple harmonic motion of the
block in Figure 15.1.
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Figure 15.3 An experimental
apparatus for demonstrating
simple harmonic motion. A pen
attached to the oscillating object
traces out a sinusoidal pattern on
the moving chart paper.

An experimental arrangement that exhibits simple harmonic motion is illustrated

in Figure 15.3. An object oscillating vertically on a spring has a pen attached to it.
While the object is oscillating, a sheet of paper is moved perpendicular to the direction
of motion of the spring, and the pen traces out the cosine curve in Equation 15.6.

QUiCk QUiZ 15.2 Consider a graphical representation (Fig. 15.4) of simple
harmonic motion, as described mathematically in Equation 15.6. When the object is at
point ® on the graph, its (a) position and velocity are both positive (b) position and ve-
locity are both negative (c) position is positive and its velocity is zero (d) position is neg-

ative and its velocity is zero (e) position is positive and its velocity is negative (f) position
is negative and its velocity is positive.

X

JANA
o \J

Figure 15.4 (Quick Quiz 15.2) An x- graph for an object undergoing simple harmonic
motion. At a particular time, the object’s position is indicated by ® in the graph.

Quick Quiz 15.3 Figure 15.5 shows two curves representing objects undergo-
ing simple harmonic motion. The correct description of these two motions is that the
simple harmonic motion of object B is (a) of larger angular frequency and larger ampli-
tude than that of object A (b) of larger angular frequency and smaller amplitude than
that of object A (c) of smaller angular frequency and larger amplitude than that of
object A (d) of smaller angular frequency and smaller amplitude than that of object A.

X

N\ /N,
v N N~

Object A

X

AVAVAVA

Object B

Figure 15.5 (Quick Quiz 15.3) Two x-t graphs for objects undergoing simple harmonic
motion. The amplitudes and frequencies are different for the two objects.

Let us investigate further the mathematical description of simple harmonic motion.

The period T of the motion is the time interval required for the particle to go through
one full cycle of its motion (Fig. 15.2a). That is, the values of x and v for the particle at
time ¢ equal the values of x and v at time ¢ + 7. We can relate the period to the angular
frequency by using the fact that the phase increases by 277 radians in a time interval of 7t

[w(t+ T) + ¢] — (ot + ¢) = 27

Simplifying this expression, we see that T = 27, or

T=—— (15.10)
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The inverse of the period is called the frequency fof the motion. Whereas the pe-
riod is the time interval per oscillation, the frequency represents the number of oscil-
lations that the particle undergoes per unit time interval:

w

1
f=7=—

15.11
27 ( )

The units of fare cycles per second, or hertz (Hz). Rearranging Equation 15.11 gives
(16.12)

We can use Equations 15.9, 15.10, and 15.11 to express the period and frequency of
the motion for the particle-spring system in terms of the characteristics m and k of the

system as
T=2—7T=27r\/ﬂ (15.13)
w k
_L_L i (1514)
I T 2 m '

That is, the period and frequency depend only on the mass of the particle and the
force constant of the spring, and not on the parameters of the motion, such as A or ¢.
As we might expect, the frequency is larger for a stiffer spring (larger value of k) and
decreases with increasing mass of the particle.

We can obtain the velocity and acceleration? of a particle undergoing simple har-
monic motion from Equations 15.7 and 15.8:

d

v=7’;= — wAsin(wt + ¢) (15.15)
da? .

a:ﬁ: — w?A cos(wt + ¢) (15.16)

From Equation 15.15 we see that, because the sine and cosine functions oscillate
between * 1, the extreme values of the velocity v are = wA. Likewise, Equation 15.16
tells us that the extreme values of the acceleration a are * w?A. Therefore, the maxi-
mum values of the magnitudes of the velocity and acceleration are

(15.17)

Umax =

S

(156.18)

9 k
Apax = WA =—
m

Figure 15.6a plots position versus time for an arbitrary value of the phase constant.
The associated velocity—time and acceleration—time curves are illustrated in Figures
15.6b and 15.6c. They show that the phase of the velocity differs from the phase of the
position by 7/2 rad, or 90°. That is, when x is a maximum or a minimum, the velocity
is zero. Likewise, when x is zero, the speed is a maximum. Furthermore, note that the

2 Because the motion of a simple harmonic oscillator takes place in one dimension, we will denote

velocity as v and acceleration as a, with the direction indicated by a positive or negative sign, as in
Chapter 2.
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A PITFALL PREVENTION

15.4 Two Kinds of
Frequency

We identify two kinds of fre-
quency for a simple harmonic os-
cillator—f, called simply the fre-
quency, is measured in hertz, and
o, the angular frequency, is mea-
sured in radians per second. Be
sure that you are clear about
which frequency is being dis-
cussed or requested in a given
problem. Equations 15.11 and
15.12 show the relationship be-
tween the two frequencies.

Period

Frequency

Velocity of an object in simple
harmonic motion

Acceleration of an object in
simple harmonic motion

Maximum magnitudes of speed
and acceleration in simple
harmonic motion
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Figure 15.6 Graphical representation of
simple harmonic motion. (a) Position versus
time. (b) Velocity versus time. (c) Acceleration
versus time. Note that at any specified time the
velocity is 90° out of phase with the position
and the acceleration is 180° out of phase with
the position.

phase of the acceleration differs from the phase of the position by 7 radians, or 180°.
For example, when x is a maximum, ¢ has a maximum magnitude in the opposite

direction.

Quick Quiz 15.4 consider a graphical representation (Fig. 15.4) of simple

harmonic motion, as described mathematically in Equation 15.6. When the object is at

position @ on the graph, its (a) velocity and acceleration are both positive (b) velocity

and acceleration are both negative (c) velocity is positive and its acceleration is zero

(d) velocity is negative and its acceleration is zero (e) velocity is positive and its acceler-

ation is negative (f) velocity is negative and its acceleration is positive.

Quick Quiz 15.5 an object of mass m is hung from a spring and set into
oscillation. The period of the oscillation is measured and recorded as 7. The object

of mass m is removed and replaced with an object of mass 2m. When this object is set
into oscillation, the period of the motion is (a) 27 (b) 2T (c) T(d) /N2 (e) T/2.

Equation 15.6 describes simple harmonic motion of a particle in general. Let us
now see how to evaluate the constants of the motion. The angular frequency w is evalu-
ated using Equation 15.9. The constants A and ¢ are evaluated from the initial condi-
tions, that is, the state of the oscillator at ¢ = 0.

Suppose we initiate the motion by pulling the particle from equilibrium by a dis-
tance A and releasing it from rest at ¢ = 0, as in Figure 15.7. We must then require that

SR

o= o

Active Figure 15.7 A block—spring system
that begins its motion from rest with the
block at x = A at ¢t = 0. In this case, ¢ = 0
and thus x = A cos wt.

Zﬁ At the Active Figures link at
http://www.pse6.com, you can compare
the oscillations of two blocks starting
from different initial positions to see that
the frequency is independent of the
amplitude.
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Figure 15.8 (a) Position, velocity, and acceleration versus time for a block undergoing
simple harmonic motion under the initial conditions that at ¢ = 0, x(0) = Aand v(0) = 0.
(b) Position, velocity, and acceleration versus time for a block undergoing simple har-
monic motion under the initial conditions that at ¢ = 0, x(0) = 0 and v(0) = v;.

our solutions for x(¢) and v(¢) (Eqs. 15.6 and 15.15) obey the initial conditions that
x(0) = Aand v(0) = 0:

x(0) = Acos¢p = A
v(0) = —wAsin = 0

These conditions are met if we choose ¢ = 0, giving x = A cos wt as our solution. To
check this solution, note that it satisfies the condition that x(0) = A, because
cos 0 =1.

The position, velocity, and acceleration versus time are plotted in Figure 15.8a for
this special case. The acceleration reaches extreme values of *w”A when the position
has extreme values of = A. Furthermore, the velocity has extreme values of * wA,
which both occur at x = 0. Hence, the quantitative solution agrees with our qualitative
description of this system.

Let us consider another possibility. Suppose that the system is oscillating and we
define ¢ = 0 as the instant that the particle passes through the unstretched position
of the spring while moving to the right (Fig. 15.9). In this case we must require that
our solutions for x(¢) and v(f) obey the initial conditions that x(0) = 0 and
v(0) =

x(0)
v(0)

Acosp =0

—wAsin ¢ = v;

The first of these conditions tells us that ¢ = £ 7/2. With these choices for ¢,
the second condition tells us that A = + v;/w. Because the initial velocity is positive
and the amplitude must be positive, we must have ¢ = — /2. Hence, the solution is
given by

X=—cos|wl— —
w 2

The graphs of position, velocity, and acceleration versus time for this choice of
t=0 are shown in Figure 15.8b. Note that these curves are the same as those
in Figure 15.8a, but shifted to the right by one fourth of a cycle. This is described
mathematically by the phase constant ¢ = — /2, which is one fourth of a full cycle
of 2.
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Active Figure 15.9 The
block-spring system is undergoing
oscillation, and ¢ = 0 is defined at
an instant when the block passes
through the equilibrium position
x = 0 and is moving to the right
with speed v;.

Zﬁ At the Active Figures link
at http://www.pse6.com, you
can compare the oscillations of
two blocks with different
velocities at t = 0 to see that
the frequency is independent of
the amplitude.
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Example 15.1 An Oscillating Object

An object oscillates with simple harmonic motion along the
x axis. Its position varies with time according to the equation

x = (4.00 m) cos <7rt + %)

where ¢ is in seconds and the angles in the parentheses are
in radians.

(A) Determine the amplitude, frequency, and period of the
motion.
Solution By comparing this equation with Equation 15.6,

x= Acos (wt+¢p), we see that A= 4.00m  and

o = mrad/s. Therefore, f= w/27m= w/27m= 0.500Hz

and T=1/f= 2.00s.

(B) Calculate the velocity and acceleration of the object at
any time ¢

Solution Differentiating x to find v, and v to find a, we obtain

dx T\ d
=% _ _ i +—]—
v 7 (4.00 m/s) sin <7Tt 4) & (7rt)

— (4.007 m/s) sin <Trt I %)

dv
4 =—=

T\ d
" — (4.00 m/s) cos <7Tt + *) ’n (i)

4

— (4.007r2 m/s?) cos (7-rt + %)

(C) Using the results of part (B), determine the position,
velocity, and acceleration of the objectat ¢t = 1.00 s.

Solution Noting that the angles in the trigonometric func-
tions are in radians, we obtain, at ¢ = 1.00 s,

™ b5
x = (4.00 m) cos (77 + I) = (4.00 m) cos (T)

= (4.00 m)(—0.707) = —2.83m

Example 15.2 Watch Out for Potholes!

A car with a mass of 1 300 kg is constructed so that its frame
is supported by four springs. Each spring has a force con-
stant of 20 000 N/m. If two people riding in the car have a
combined mass of 160 kg, find the frequency of vibration of
the car after it is driven over a pothole in the road.

Solution To conceptualize this problem, think about your
experiences with automobiles. When you sit in a car, it
moves downward a small distance because your weight is
compressing the springs further. If you push down on the
front bumper and release, the front of the car oscillates a

— (4.007 m/s) sin (%)

v =
= — (4.00m m/s)(—0.707) = 8.89m/s

a = — (4.0072 m/s%) cos <%’>
= — (40072 m/s%) (= 0.707) = 27.9 m/s?

(D) Determine the maximum speed and maximum acceler-
ation of the object.

Solution In the general expressions for v and a found in
part (B), we use the fact that the maximum values of the
sine and cosine functions are unity. Therefore, v varies be-
tween * 4.007r m/s, and a varies between *4.00 72 m/s2.
Thus,

Unax = 4.00mrm/s = 12.6 m/s

Amax = 40072 m/s?> = 39.5 m/s?
We obtain the same results using the relations v,z = wA
and @y, = w?A, where A = 4.00 m and w = 7 rad/s.

(E) Find the displacement of the object between ¢ = 0 and
t=1.00s.

Solution The position at ¢ = 0 is
T
x; = (4.00 m) cos (o + T) = (4.00 m)(0.707) = 2.83 m

In part (C), we found that the position at ¢=1.00s is
—2.83 m; therefore, the displacement between ¢= 0 and
t=1.00sis

Ax=x;—x;= —283m —283m= —5.66m

Because the object’s velocity changes sign during the first sec-
ond, the magnitude of Axis not the same as the distance trav-
eled in the first second. (By the time the first second is over,
the object has been through the point x = —2.83 m once,
traveled to x = — 4.00 m, and come back to x = — 2.83 m.)

couple of times. We can model the car as being supported
by a single spring and categorize this as an oscillation prob-
lem based on our simple spring model. To analyze the prob-
lem, we first need to consider the effective spring constant
of the four springs combined. For a given extension x of the
springs, the combined force on the car is the sum of the
forces from the individual springs:

Fotal = 2(—kx) = —<E k) x

where x has been factored from the sum because it is the
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same for all four springs. We see that the effective spring
constant for the combined springs is the sum of the individ-
ual spring constants:

ke = 2 k=4 X 20 000 N/m = 80 000 N/m

Hence, the frequency of vibration is, from Equation 15.14,

1 kg 1 . [80000N/m
f=—\—E = [T = 118 H
2m m 2 1460 kg

To finalize the problem, note that the mass we used here is
that of the car plus the people, because this is the total mass
that is oscillating. Also note that we have explored only up-
and-down motion of the car. If an oscillation is established
in which the car rocks back and forth such that the front

Example 15.3 A Block-Spring System

A 200-g block connected to a light spring for which the
force constant is 5.00 N/m is free to oscillate on a horizon-
tal, frictionless surface. The block is displaced 5.00 cm from
equilibrium and released from rest, as in Figure 15.7.

(A) Find the period of its motion.

Solution From Equations 15.9 and 15.10, we know that the
angular frequency of a block—spring system is

’ k 5.00 N
w= 7:‘\/:/72?:5.001«3(1/5
m 200 X 107 kg

and the period is

2T _ 2T

1.26
w 5.00 rad/s ik

(B) Determine the maximum speed of the block.
Solution We use Equation 15.17:

Vmax = @A = (5.00 rad/s) (5.00 X 1072 m) = 0.250 m/s

(C) What is the maximum acceleration of the block?
Solution We use Equation 15.18:

= w?A = (5.00 rad/s)2(5.00 X 1072 m) = 1.25 m/s>

amax

(D) Express the position, speed, and acceleration as func-
tions of time.

Solution We find the phase constant from the initial condi-
tion that x = Aat ¢ = 0:

x(0) = Acosp = A

which tells us that ¢ = 0. Thus, our solution is x = A cos wt.
Using this expression and the results from (A), (B), and
(C), we find that

(0.050 0 m)cos 5.00¢

x=Acos wt =

v=wAsin ot = —(0.250 m/s)sin 5.00¢

a=—w?Acoswt= —(1.25m/s%)cos 5.00¢
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end goes up when the back end goes down, the frequency
will be different.

What If? Suppose the two people exit the car on the side
of the road. One of them pushes downward on the car and
releases it so that it oscillates vertically. Is the frequency of
the oscillation the same as the value we just calculated?

Answer The suspension system of the car is the same, but
the mass that is oscillating is smaller—it no longer includes
the mass of the two people. Thus, the frequency should be
higher. Let us calculate the new frequency:

1 ke 1 80 000 N
f= o o L [BO00ON M o,
2 m 2 1 300 kg

As we predicted conceptually, the frequency is a bit higher.

What If? What if the block is released from the same initial
position, x; =5.00cm, but with an initial velocity of
vi = —0.100 m/s? Which parts of the solution change and
what are the new answers for those that do change?

Answers Part (A) does not change—the period is indepen-
dent of how the oscillator is set into motion. Parts (B), (C),
and (D) will change. We begin by considering position and
velocity expressions for the initial conditions:

(1) x(0) = Acos ¢ = x;
(2) v(0) = —wAsin ¢ = v;

Dividing Equation (2) by Equation (1) gives us the phase
constant:

—wAsing v
A cos ¢ X;
an o U; —0.100 m 0,400
an ¢ = = = 0.
wx; (5.00 rad/s) (0.050 0 m)
¢ =0.127

Now, Equation (1) allows us to find A:
X; 0.050 0 m

B cos ¢ B cos(0.127)
The new maximum speed is

Upax = @A = (5.00 rad/s) (5.39 X 1072 m) = 0.269 m/s

= 0.0539 m

The new magnitude of the maximum acceleration is
Amax = @2A = (5.00 rad/s)2(5.839 X 1072 m) = 1.35 m/s2

The new expressions for position, velocity, and acceleration
are

x = (0.053 9 m)cos(5.00¢ + 0.127)
v = —(0.269 m/s)sin(5.00¢ + 0.127)

a= —(1.85m/s?)cos(5.00¢ + 0.127)

As we saw in Chapters 7 and 8, many problems are easier to
solve with an energy approach rather than one based on vari-
ables of motion. This particular What If? is easier to solve
from an energy approach. Therefore, in the next section we
shall investigate the energy of the simple harmonic oscillator.
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Kinetic energy of a simple
harmonic oscillator

Potential energy of a simple
harmonic oscillator

Total energy of a simple
harmonic oscillator

15.3 Energy of the Simple Harmonic Oscillator

Let us examine the mechanical energy of the block-spring system illustrated in Figure
15.1. Because the surface is frictionless, we expect the total mechanical energy of the
system to be constant, as was shown in Chapter 8. We assume a massless spring, so the
kinetic energy of the system corresponds only to that of the block. We can use Equa-
tion 15.15 to express the kinetic energy of the block as

K= %va = %mw2 A? sin(wt + @) (15.19)

The elastic potential energy stored in the spring for any elongation x is given by
%ka (see Eq. 8.11). Using Equation 15.6, we obtain

U= %ka = %I«»A2 cos?(wt + ¢) (15.20)

We see that K and U are always positive quantities. Because ®> = k/m, we can express
the total mechanical energy of the simple harmonic oscillator as

E= K+ U= 3kA%[sin® (0t + ¢) + cos* (ol + ¢)]

From the identity sin? @ + cos® 6 = 1, we see that the quantity in square brackets is
unity. Therefore, this equation reduces to

E=%m2 (15.21)

That is, the total mechanical energy of a simple harmonic oscillator is a constant
of the motion and is proportional to the square of the amplitude. Note that U is
small when Kis large, and vice versa, because the sum must be constant. In fact, the to-
tal mechanical energy is equal to the maximum potential energy stored in the spring
when x = = A because v = 0 at these points and thus there is no kinetic energy. At the
equilibrium position, where U = 0 because x = 0, the total energy, all in the form of
kinetic energy, is again %kAQ. That is,

. k
E=%mvfnax=%mw2A2 =ém;A2=%kA2 (at x = 0)

Plots of the kinetic and potential energies versus time appear in Figure 15.10a,
where we have taken ¢ = 0. As already mentioned, both K and U are always positive,
and at all times their sum is a constant equal to %kAQ, the total energy of the system.
The variations of Kand Uwith the position x of the block are plotted in Figure 15.10b.

U=%kx2
K:%va
K, U 0=0 K, U
140
2kA

N R

T T -A 0
2

(a) (b)
Active Figure 15.10 (a) Kinetic energy and potential energy versus time for a simple
harmonic oscillator with ¢ = 0. (b) Kinetic energy and potential energy versus position
for a simple harmonic oscillator. In either plot, note that K + U = constant.

Zﬁ At the Active Figures link at http://www.pse6.com, you can compare the
physical oscillation of a block with energy graphs in this figure as well as with
energy bar graphs.
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Energy is continuously being transformed between potential energy stored in the
spring and kinetic energy of the block.

Figure 15.11 illustrates the position, velocity, acceleration, kinetic energy, and po-
tential energy of the block—spring system for one full period of the motion. Most of the
ideas discussed so far are incorporated in this important figure. Study it carefully.

Finally, we can use the principle of conservation of energy to obtain the velocity for
an arbitrary position by expressing the total energy at some arbitrary position x as

E=K+ U= ymv* + {ha? = $hA?

k 5 S
v = i‘\/—(A2 — x2) = zwVA? — &2 (15.22) Velocity as a function of
m

position for a simple harmonic

When we check Equation 15.22 to see whether it agrees with known cases, we find that oscillator

it verifies the fact that the speed is a maximum at x = 0 and is zero at the turning
points x = * A.

You may wonder why we are spending so much time studying simple harmonic os-
cillators. We do so because they are good models of a wide variety of physical phenom-
ena. For example, recall the Lennard—Jones potential discussed in Example 8.11. This
complicated function describes the forces holding atoms together. Figure 15.12a shows
that, for small displacements from the equilibrium position, the potential energy curve

| 1.
0 A 0 —w?A 0 = kA?
Ty VWWWWWVVWWWWW l @ 2

|
|
|
|
|
|
- | 72 | 4 | 0 | e | o | L
Gma‘x } 2
|
|
|
|

—
! T A 0 —0%A 0 %kA2
O !
|
|
|
|

| |
1 1 X

-A 0 A
Active Figure 15.11 Simple harmonic motion for a block-spring system and its analogy
to the motion of a simple pendulum (Section 15.5). The parameters in the table at the
right refer to the block-spring system, assuming that at ¢ = 0, x = A so that x = A cos wt.

¥ At the Active Figures link at http://www.pse6.com, you can set the initial
position of the block and see the block-spring system and the analogous
pendulum in motion.
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Figure 15.12 (a) If the atoms in a molecule do not move too far from their equilib-
rium positions, a graph of potential energy versus separation distance between atoms is
similar to the graph of potential energy versus position for a simple harmonic oscillator
(blue curve). (b) The forces between atoms in a solid can be modeled by imagining
springs between neighboring atoms.

for this function approximates a parabola, which represents the potential energy
function for a simple harmonic oscillator. Thus, we can model the complex atomic
binding forces as being due to tiny springs, as depicted in Figure 15.12b.

The ideas presented in this chapter apply not only to block—spring systems and
atoms, but also to a wide range of situations that include bungee jumping, tuning in a
television station, and viewing the light emitted by a laser. You will see more examples

of simple harmonic oscillators as you work through this book.

Example 15.4 Oscillations on a Horizontal Surface

A 0.500-kg cart connected to a light spring for which the
force constant is 20.0 N/m oscillates on a horizontal, fric-
tionless air track.

(A) Calculate the total energy of the system and the maxi-
mum speed of the cart if the amplitude of the motion is
3.00 cm.

Solution Using Equation 15.21, we obtain
E= kA% = §(20.0N/m)(3.00 X 1072 m)?
= 9.00 X 10737

When the cart is located at x = 0, we know that U= 0 and
E= %mv?mx ; therefore,
Lo = 9.00 X 1073

2
) :\/2(9.oox10*3p e
max 0.500 kg '

(B) What is the velocity of the cart when the position is
2.00 cm?

Solution We can apply Equation 15.22 directly:

i'\’i(AQ— XQ)
m

20.0 N/m
+ A[————[(0.0300 m)2 — (0.0200 m)?2
\/ 0.500 kg [« m)* = (0.0200 m)]

Q
Il

+0.141 m/s

The positive and negative signs indicate that the cart could
be moving to either the right or the left at this instant.

(C) Compute the kinetic and potential energies of the sys-
tem when the position is 2.00 cm.

Solution Using the result of (B), we find that

K = Ymo® = 1 (0.500 kg) (0.141 m/5)2 = 5.00 X 1073 ]

1
2

U= %kxg = %(20.0 N/m) (0.0200 m)? 4.00 X 10737

Note that K + U = E.

What If? The motion of the cart in this example could
have been initiated by releasing the cart from rest at
x = 3.00 cm. What if the cart were released from the same
position, but with an initial velocity of v = —0.100 m/s?
What are the new amplitude and maximum speed of
the cart?

Answer This is the same type of question as we asked at the
end of Example 15.3, but here we apply an energy ap-
proach. First let us calculate the total energy of the system at
t = 0, which consists of both kinetic energy and potential
energy:

E= %va + %kx2
= 4 (0.500 kg) (—0.100 m/s)2 + §(20.0 N/m) (0.030 0 m)?
=1.15 X 1072]
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To find the new amplitude, we equate this total energy to
the potential energy when the cart is at the end point of the
motion:

_A[2E . [20.15X107%])
A—\/ - —\/—QO.ON/m =0.0339m

Note that this is larger than the previous amplitude of
0.030 0 m. To find the new maximum speed, we equate this

equilibrium position:

_1 2
E = 5 mupax

15.4 Comparing Simple Harmonic Motion
with Uniform Circular Motion

Some common devices in our everyday life exhibit a relationship between oscillatory
motion and circular motion. For example, the pistons in an automobile engine (Figure
15.13a) go up and down—oscillatory motion—yet the net result of this motion is circu-
lar motion of the wheels. In an old-fashioned locomotive (Figure 15.13b), the drive
shaft goes back and forth in oscillatory motion, causing a circular motion of the
wheels. In this section, we explore this interesting relationship between these two types
of motion. We shall use this relationship again when we study electromagnetism and
when we explore optics.

Figure 15.14 is an overhead view of an experimental arrangement that shows this
relationship. A ball is attached to the rim of a turntable of radius A, which is illumi-
nated from the side by a lamp. The ball casts a shadow on a screen. We find that as the
turntable rotates with constant angular speed, the shadow of the ball moves
back and forth in simple harmonic motion.

Figure 15.13 (a) The pistons of an
automobile engine move in periodic motion
along a single dimension. This photograph
shows a cutaway view of two of these pistons.
This motion is converted to circular motion of
the crankshaft, at the lower right, and
ultimately of the wheels of the automobile.
(b) The back-and-forth motion of pistons (in
the curved housing at the left) in an old-
fashioned locomotive is converted to circular
motion of the wheels.

(b)

465

total energy to the kinetic energy when the cart is at the

2F 2(1.15 X 1072]J)
=L A2 X0 D o1y
Umax m 0.500 kg 0214 m/s

This is larger than the value found in part (a) as expected
because the cart has an initial velocity at ¢ = 0.

Lamp

€L

—_———
S —

Ball

/

T

- Turntable

Screen

Shadow

of ball
Active Figure 15.14 An
experimental setup for
demonstrating the connection
between simple harmonic motion
and uniform circular motion. As
the ball rotates on the turntable
with constant angular speed, its
shadow on the screen moves back
and forth in simple harmonic
motion.

Zﬂ At the Active Figures link
at http://www.pse6.com, you
can adjust the frequency and
radial position of the ball and
see the resulting simple
harmonic motion of the
shadow.
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Figure 15.15 Relationship between the uniform circular motion of a point Pand the
simple harmonic motion of a point Q. A particle at P moves in a circle of radius A with
constant angular speed w. (a) A reference circle showing the position of Pat ¢ = 0.
(b) The x coordinates of points Pand Q are equal and vary in time according to the
expression x = A cos(wt + ¢). (c) The x component of the velocity of Pequals the
velocity of Q. (d) The x component of the acceleration of P equals the acceleration of Q.

Consider a particle located at point P on the circumference of a circle of radius A, as
in Figure 15.15a, with the line OP making an angle ¢ with the x axis at ¢ = 0. We call this
circle a reference circle for comparing simple harmonic motion with uniform circular mo-
tion, and we take the position of P at ¢ = 0 as our reference position. If the particle
moves along the circle with constant angular speed w until OP makes an angle 6 with the
x axis, as in Figure 15.15b, then at some time ¢ > 0, the angle between OP and the x axis
is 6 = wt + ¢. As the particle moves along the circle, the projection of P on the x axis,
labeled point Q, moves back and forth along the x axis between the limits x = * A.

Note that points Pand Q always have the same x coordinate. From the right trian-
gle OPQ, we see that this x coordinate is

x(f) = A cos(wt + ) (15.23)

This expression is the same as Equation 15.6 and shows that the point Q moves with
simple harmonic motion along the x axis. Therefore, we conclude that

simple harmonic motion along a straight line can be represented by the projection
of uniform circular motion along a diameter of a reference circle.

We can make a similar argument by noting from Figure 15.15b that the projec-
tion of P along the y axis also exhibits simple harmonic motion. Therefore, uniform
circular motion can be considered a combination of two simple harmonic mo-
tions, one along the x axis and one along the y axis, with the two differing in
phase by 90°.

This geometric interpretation shows that the time interval for one complete revolu-
tion of the point P on the reference circle is equal to the period of motion 7 for simple
harmonic motion between x = * A. That is, the angular speed w of Pis the same as the
angular frequency w of simple harmonic motion along the x axis. (This is why we use
the same symbol.) The phase constant ¢ for simple harmonic motion corresponds to
the initial angle that OP makes with the x axis. The radius A of the reference circle
equals the amplitude of the simple harmonic motion.

Because the relationship between linear and angular speed for circular motion is
v = 7w (see Eq. 10.10), the particle moving on the reference circle of radius A has a ve-
locity of magnitude wA. From the geometry in Figure 15.15¢, we see that the x compo-
nent of this velocity is — wA sin(wt + ¢). By definition, point Q has a velocity given by
dx/ dt. Differentiating Equation 15.23 with respect to time, we find that the velocity of
Qis the same as the x component of the velocity of P.
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The acceleration of P on the reference circle is directed radially inward toward O
and has a magnitude v?/A = ®?A. From the geometry in Figure 15.15d, we see that the
x component of this acceleration is — w?A cos(wt + ¢). This value is also the accelera-
tion of the projected point Q along the x axis, as you can verify by taking the second

derivative of Equation 15.23.

Quick Quiz 15.6 Figure 15.16 shows the position of an object in uniform
circular motion at ¢ = 0. A light shines from above and projects a shadow of the object
on a screen below the circular motion. The correct values for the amplitude and phase
constant (relative to an x axis to the right) of the simple harmonic motion of the
shadow are (a) 0.50 m and 0 (b) 1.00 m and 0 (c) 0.50 m and 7 (d) 1.00 m and 7.

Lamp

L)

Ball

0.50 m

Turntable

Screen

Figure 15.16 (Quick Quiz 15.6) An object moves in circular motion, casting a shadow

on the screen below. Its position at an instant of time is shown.

Example 15.5 Circular Motion with Constant Angular Speed

A particle rotates counterclockwise in a circle of radius 3.00 m
with a constant angular speed of 8.00 rad/s. At ¢ = 0, the par-
ticle has an x coordinate of 2.00 m and is moving to the right.

(A) Determine the x coordinate as a function of time.

Solution Because the amplitude of the particle’s motion
equals the radius of the circle and w = 8.00 rad/s, we have

x = Acos(wt + ¢) = (3.00 m)cos(8.00¢ + ¢)

We can evaluate ¢ by using the initial condition that
x=200mat¢=0:

2.00 m = (3.00 m)cos(0 + ¢)

2.00 m>

_ 1
¢ = cos (3.00m

If we were to take our answer as ¢ = 48.2° = (0.841 rad,
then the coordinate x = (3.00 m)cos(8.00¢ + 0.841) would
be decreasing at time ¢ = 0 (that is, moving to the left). Be-
cause our particle is first moving to the right, we must
choose ¢ = —0.841 rad. The x coordinate as a function of
time is then

x=(3.00 m)cos(8.00¢ — 0.841)

Note that the angle ¢ in the cosine function must be in
radians.

(B) Find the x components of the particle’s velocity and ac-
celeration at any time .

Solution
dx .
Uy = I = (—3.00 m) (8.00 rad/s)sin(8.00¢ — 0.841)
= —(24.0 m/s)sin(8.00¢ — 0.841)
dv
a, = i = (—24.0 m/s)(8.00 rad/s)cos(8.00¢ — 0.841)

— (192 m/s%)cos(8.00¢ — 0.841)

From these results, we conclude that v,,x = 24.0 m/s and
that apax = 192 m/s2.

467



468 CHAPTER 15+ Oscillatory Motion

mg cos 60

Active Figure 15.17 When 6 is
small, a simple pendulum oscillates
in simple harmonic motion about
the equilibrium position 6 = 0.
The restoring force is — mg sin 6,
the component of the gravitational
force tangent to the arc.

Zﬁ At the Active Figures link
at http://www.pse6.com, you
can adjust the mass of the bob,
the length of the string, and the
initial angle and see the
resulting oscillation of the
pendulum.

A PITFALL PREVENTION

15.5 Not True Simple
Harmonic Motion

Remember that the pendulum
does not exhibit true simple har-
monic motion for any angle. If
the angle is less than about 10°,
the motion is close to and can be
modeled as simple harmonic.

Angular frequency for a simple
pendulum

Period of a simple pendulum

15.5 The Pendulum

The simple pendulum is another mechanical system that exhibits periodic motion. It
consists of a particle-like bob of mass m suspended by a light string of length L that is
fixed at the upper end, as shown in Figure 15.17. The motion occurs in the vertical
plane and is driven by the gravitational force. We shall show that, provided the angle
0 is small (less than about 10°), the motion is very close to that of a simple harmonic
oscillator.

The forces acting on the bob are the force T exerted by the string and the gravita-
tional force mg. The tangential component mgsin 6 of the gravitational force always
acts toward 6 = 0, opposite the displacement of the bob from the lowest position.
Therefore, the tangential component is a restoring force, and we can apply Newton’s
second law for motion in the tangential direction:

d?s
dt?

F,= —mgsin 0 = m

where s is the bob’s position measured along the arc and the negative sign indicates
that the tangential force acts toward the equilibrium (vertical) position. Because
s = L0 (Eq. 10.1a) and L is constant, this equation reduces to
d%o g
—5 = ——=sin 0
dt? L
Considering 6 as the position, let us compare this equation to Equation 15.3—does it
have the same mathematical form? The right side is proportional to sin 6 rather than
to 0; hence, we would not expect simple harmonic motion because this expression is
not of the form of Equation 15.3. However, if we assume that 0 is small, we can use the
approximation sin 6 = 0; thus, in this approximation, the equation of motion for the
simple pendulum becomes
e g

—= 9

—_— = (for small values of 6)
dr® L

(15.24)

Now we have an expression that has the same form as Equation 15.3, and we conclude
that the motion for small amplitudes of oscillation is simple harmonic motion. There-
fore, the function 0 can be written as 0 = 6,,,, cos(wt + ¢), where 0, is the maximum
angular position and the angular frequency w is

g
= = 15.25
® 3 ( )
The period of the motion is
L
=27 _ 277\[— (15.26)
o g

In other words, the period and frequency of a simple pendulum depend only on
the length of the string and the acceleration due to gravity. Because the period is
independent of the mass, we conclude that all simple pendula that are of equal length
and are at the same location (so that gis constant) oscillate with the same period. The
analogy between the motion of a simple pendulum and that of a block—spring system is
illustrated in Figure 15.11.

The simple pendulum can be used as a timekeeper because its period depends only
on its length and the local value of g It is also a convenient device for making precise
measurements of the free-fall acceleration. Such measurements are important because
variations in local values of g can provide information on the location of oil and of
other valuable underground resources.
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Quick Quiz 15.7 a grandfather clock depends on the period of a pendulum
to keep correct time. Suppose a grandfather clock is calibrated correctly and then a

mischievous child slides the bob of the pendulum downward on the oscillating rod.

Does the grandfather clock run (a) slow (b) fast (c) correctly?

Quick QUiZ 15.8 Suppose a grandfather clock is calibrated correctly at sea
level and is then taken to the top of a very tall mountain. Does the grandfather clock

run (a) slow (b) fast (c) correctly?

Example 15.6 A Connection Between Length and Time

Christian Huygens (1629-1695), the greatest clockmaker in
history, suggested that an international unit of length could
be defined as the length of a simple pendulum having a pe-
riod of exactly 1 s. How much shorter would our length unit

What [If? What if Huygens had been born on another
planet? What would the value for g have to be on that planet
such that the meter based on Huygens’s pendulum would
have the same value as our meter?

The Pendulum 469

be had his suggestion been followed?
Answer We solve Equation 15.26 for g:
Solution Solving Equation 15.26 for the length gives

4m*L  47%(1.00 m)

=4 2 2 . 2
(1.00 5)2 T-m/s 39.5m/s

T2 1.00 $)2(9.80 2 =
=g Q09 O0MN) o8, £
4 4T

No planet in our solar system has an acceleration due to

Thus, the meter’s length would be slightly less than one gravity that is this large.

fourth of its current length. Note that the number of signifi-
cant digits depends only on how precisely we know g
because the time has been defined to be exactly 1 s.

Physical Pendulum

Suppose you balance a wire coat hanger so that the hook is supported by your ex-
tended index finger. When you give the hanger a small angular displacement (with
your other hand) and then release it, it oscillates. If a hanging object oscillates about a
fixed axis that does not pass through its center of mass and the object cannot be ap-
proximated as a point mass, we cannot treat the system as a simple pendulum. In this
case the system is called a physical pendulum.

Consider a rigid object pivoted at a point O that is a distance d from the center of
mass (Fig. 15.18). The gravitational force provides a torque about an axis through O,
and the magnitude of that torque is mgd sin 6, where 0 is as shown in Figure 15.18.
Using the rotational form of Newton’s second law, 31 = la, where [ is the moment of
inertia about the axis through O, we obtain

2?6
di?

—mgdsin@ = I

The negative sign indicates that the torque about O tends to decrease 6. That is, the
gravitational force produces a restoring torque. If we again assume that 6 is small, the
approximation sin 6 = 6 is valid, and the equation of motion reduces to

d%e d .
:_<ﬂ>9:_w29

s 15.27
di? 1 ( )

Because this equation is of the same form as Equation 15.3, the motion is simple har-
monic motion. That is, the solution of Equation 15.27 is 6 = 6,y cos(wt + ¢), where
Omax is the maximum angular position and

mg

m_gd Figure 15.18 A physical pendu-

1 lum pivoted at O.
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Period of a physical pendulum

The period is

1
T=27 —or \N— (15.28)
() mgd

One can use this result to measure the moment of inertia of a flat rigid object. If
the location of the center of mass—and hence the value of d—is known, the moment
of inertia can be obtained by measuring the period. Finally, note that Equation 15.28
reduces to the period of a simple pendulum (Eq. 15.26) when I = md?—that is, when
all the mass is concentrated at the center of mass.

Example 15.7 A Swinging Rod

A uniform rod of mass M and length L is pivoted about and used it to estimate the free-fall acceleration on the
one end and oscillates in a vertical plane (Fig. 15.19). Find Moon. How did the scientist make this calculation?

the period of oscillation if the amplitude of the motion is
small.

Solution In Chapter 10 we found that the moment of
inertia of a uniform rod about an axis through one end is
%MLQ. The distance d from the pivot to the center of mass

is L/2. Substituting these quantities into Equation 15.28 I
gives
oM
1 2 C
5 ML 2L
T=27\—2——= 27
N Mg(1/2) 3¢ » Mg

Comment In one of the Moon landings, an astronaut walk- .

ing on the Moon’s surface had a belt hanging from his Figure 15.19 A rigid rod oscillating about a pivot through
space suit, and the belt oscillated as a physical pendulum. A one end is a physical pendulum with d = /2 and, from
scientist on the Earth observed this motion on television Table 10.2, I = éMLQ.
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Figure 15.20 A torsional pendulum
consists of a rigid object suspended
by a wire attached to a rigid support.
The object oscillates about the line
OPwith an amplitude 6y,,y.

Period of a torsional pendulum

Torsional Pendulum

Figure 15.20 shows a rigid object suspended by a wire attached at the top to a fixed
support. When the object is twisted through some angle 6, the twisted wire exerts on
the object a restoring torque that is proportional to the angular position. That is,

T= —K0O

where k (kappa) is called the torsion constant of the support wire. The value of k can be
obtained by applying a known torque to twist the wire through a measurable angle 0.
Applying Newton’s second law for rotational motion, we find

0 I—d20
= —Kb = _
3 ar?
d%e K
W = —7 (7] (15.29)

Again, this is the equation of motion for a simple harmonic oscillator, with @ = Vk/I

and a period
/ I
T=2m\— (15.30)
K

This system is called a torsional pendulum. There is no small-angle restriction in this
situation as long as the elastic limit of the wire is not exceeded.
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15.6 Damped Oscillations

The oscillatory motions we have considered so far have been for ideal systems—that is,
systems that oscillate indefinitely under the action of only one force—a linear restoring
force. In many real systems, nonconservative forces, such as friction, retard the motion.
Consequently, the mechanical energy of the system diminishes in time, and the motion
is said to be damped. Figure 15.21 depicts one such system: an object attached to a
spring and submersed in a viscous liquid.

One common type of retarding force is the one discussed in Section 6.4, where the
force is proportional to the speed of the moving object and acts in the direction oppo-
site the motion. This retarding force is often observed when an object moves through
air, for instance. Because the retarding force can be expressed as R = — bv (where b is
a constant called the damping coefficient) and the restoring force of the system is — kx,
we can write Newton’s second law as

EFX= —kx — buv, = ma,

(15.31)

The solution of this equation requires mathematics that may not be familiar to you;
we simply state it here without proof. When the retarding force is small compared
with the maximum restoring force—that is, when 4 is small—the solution to Equa-
tion 15.31 is

_b
x = Ae ' cos(wt + ) (15.32)
where the angular frequency of oscillation is
k b \?
w=\—-|— (15.33)
m 2m

This result can be verified by substituting Equation 15.32 into Equation 15.31.

Figure 15.22 shows the position as a function of time for an object oscillating in the
presence of a retarding force. We see that when the retarding force is small, the os-
cillatory character of the motion is preserved but the amplitude decreases in
time, with the result that the motion ultimately ceases. Any system that behaves in
this way is known as a damped oscillator. The dashed blue lines in Figure 15.22,
which define the envelope of the oscillatory curve, represent the exponential factor in
Equation 15.32. This envelope shows that the amplitude decays exponentially with
time. For motion with a given spring constant and object mass, the oscillations
dampen more rapidly as the maximum value of the retarding force approaches the
maximum value of the restoring force.

It is convenient to express the angular frequency (Eq. 15.33) of a damped oscillator

in the form
b 2
— 2 |
w (O0) ( 2m >

where wy = \/k7m represents the angular frequency in the absence of a retarding force
(the undamped oscillator) and is called the natural frequency of the system.

When the magnitude of the maximum retarding force Ry,x = btvyax < kA, the sys-
tem is said to be underdamped. The resulting motion is represented by the blue curve
in Figure 15.23. As the value of b increases, the amplitude of the oscillations decreases
more and more rapidly. When b reaches a critical value b, such that b,/2m = w, the
system does not oscillate and is said to be critically damped. In this case the system,
once released from rest at some nonequilibrium position, approaches but does not
pass through the equilibrium position. The graph of position versus time for this case
is the red curve in Figure 15.23.

L

Figure 15.21 One example of a
damped oscillator is an object
attached to a spring and submersed
in a viscous liquid.

Active Figure 15.22 Graph of
position versus time for a damped
oscillator. Note the decrease in
amplitude with time.

Y At the Active Figures link
at http://www.pse6.com, you
can adjust the spring constant,
the mass of the object, and the
damping constant and see the
resulting damped oscillation of
the object.

Figure 15.23 Graphs of position
versus time for (a) an
underdamped oscillator, (b) a
critically damped oscillator, and
(c) an overdamped oscillator.
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If the medium is so viscous that the retarding force is greater than the restoring
force—that is, if Rpax = bUmax > kA and 6/2m > w,—the system is overdamped.
Again, the displaced system, when free to move, does not oscillate but simply returns to
its equilibrium position. As the damping increases, the time interval required for the
system to approach equilibrium also increases, as indicated by the black curve in Fig-
ure 15.23. For critically damped and overdamped systems, there is no angular fre-
quency w and the solution in Equation 15.32 is not valid.

Whenever friction is present in a system, whether the system is overdamped or
underdamped, the energy of the oscillator eventually falls to zero. The lost mechan-
ical energy is transformed into internal energy in the object and the retarding
medium.

QUiCk QUiZ 15.9 An automotive suspension system consists of a combina-
tion of springs and shock absorbers, as shown in Figure 15.24. If you were an automo-
tive engineer, would you design a suspension system that was (a) underdamped
(b) critically damped (c) overdamped?

Oil or
other viscous
ﬂuid " 1
% Shock absorber
Coil spring _.:‘/
\i:'l -
-
Piston |- i
with holes

[2)]

()
Figure 15.24 (a) A shock absorber consists of a piston oscillating in a chamber filled
with oil. As the piston oscillates, the oil is squeezed through holes between the piston
and the chamber, causing a damping of the piston’s oscillations. (b) One type of
automotive suspension system, in which a shock absorber is placed inside a coil spring
at each wheel.

15.7 Forced Oscillations

We have seen that the mechanical energy of a damped oscillator decreases in time as a
result of the resistive force. It is possible to compensate for this energy decrease by ap-
plying an external force that does positive work on the system. At any instant, energy
can be transferred into the system by an applied force that acts in the direction of mo-
tion of the oscillator. For example, a child on a swing can be kept in motion by appro-
priately timed “pushes.” The amplitude of motion remains constant if the energy input
per cycle of motion exactly equals the decrease in mechanical energy in each cycle that
results from resistive forces.

A common example of a forced oscillator is a damped oscillator driven by an exter-
nal force that varies periodically, such as I(t) = Fj sin w?, where o is the angular
frequency of the driving force and Fj is a constant. In general, the frequency w of the
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driving force is variable while the natural frequency wy of the oscillator is fixed by the
values of k and m. Newton’s second law in this situation gives
dx d?x

SF=ma — Fsinwl—b— —kx=m

i o (15.84)

Again, the solution of this equation is rather lengthy and will not be presented. After the
driving force on an initially stationary object begins to act, the amplitude of the oscilla-
tion will increase. After a sufficiently long period of time, when the energy input per cy-
cle from the driving force equals the amount of mechanical energy transformed to inter-
nal energy for each cycle, a steady-state condition is reached in which the oscillations
proceed with constant amplitude. In this situation, Equation 15.34 has the solution

x = A cos(wt + ¢) (15.35)

where

Fy/m

A=
2
\/(wQ — w))? + <b_“’>
m

and where wy = \k/m is the natural frequency of the undamped oscillator (b = 0).
Equations 15.35 and 15.36 show that the forced oscillator vibrates at the frequency
of the driving force and that the amplitude of the oscillator is constant for a given

(15.36)

driving force because it is being driven in steady-state by an external force. For small
damping, the amplitude is large when the frequency of the driving force is near the
natural frequency of oscillation, or when w = wy. The dramatic increase in amplitude
near the natural frequency is called resonance, and the natural frequency wy is also
called the resonance frequency of the system.

The reason for large-amplitude oscillations at the resonance frequency is that en-
ergy is being transferred to the system under the most favorable conditions. We can
better understand this by taking the first time derivative of x in Equation 15.35, which
gives an expression for the velocity of the oscillator. We find that v is proportional to
sin(wt + ¢), which is the same trigonometric function as that describing the driving
force. Thus, the applied force F is in phase with the velocity. The rate at which work is
done on the oscillator by F equals the dot product F - v; this rate is the power delivered
to the oscillator. Because the product F-v is a maximum when F and v are in phase,
we conclude that at resonance the applied force is in phase with the velocity and
the power transferred to the oscillator is a maximum.

Figure 15.25 is a graph of amplitude as a function of frequency for a forced oscillator
with and without damping. Note that the amplitude increases with decreasing damping
(b— 0) and that the resonance curve broadens as the damping increases. Under steady-
state conditions and at any driving frequency, the energy transferred into the system
equals the energy lost because of the damping force; hence, the average total energy of
the oscillator remains constant. In the absence of a damping force (b = 0), we see from
Equation 15.36 that the steady-state amplitude approaches infinity as @ approaches wy.
In other words, if there are no losses in the system and if we continue to drive an initially
motionless oscillator with a periodic force that is in phase with the velocity, the amplitude
of motion builds without limit (see the brown curve in Fig. 15.25). This limitless building
does not occur in practice because some damping is always present in reality.

Later in this book we shall see that resonance appears in other areas of physics. For ex-
ample, certain electric circuits have natural frequencies. A bridge has natural frequencies
that can be set into resonance by an appropriate driving force. A dramatic example of
such resonance occurred in 1940, when the Tacoma Narrows Bridge in the state of Wash-
ington was destroyed by resonant vibrations. Although the winds were not particularly
strong on that occasion, the “flapping” of the wind across the roadway (think of the “flap-
ping” of a flag in a strong wind) provided a periodic driving force whose frequency
matched that of the bridge. The resulting oscillations of the bridge caused it to ultimately
collapse (Fig. 15.26) because the bridge design had inadequate built-in safety features.

Amplitude of a driven oscillator

A

! b=0
|\« Undamped
\

‘ Small b

Large b
!
|
! 0]
0 [oN

Figure 15.25 Graph of amplitude
versus frequency for a damped
oscillator when a periodic driving
force is present. When the
frequency w of the driving force
equals the natural frequency wy of
the oscillator, resonance occurs.
Note that the shape of the
resonance curve depends on the
size of the damping coefficient .
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Zﬁ Take a practice test for
this chapter by clicking on
the Practice Test link at
http://www.pse6.com.
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Figure 15.26 (a) In 1940 turbulent winds set up torsional vibrations in the Tacoma
Narrows Bridge, causing it to oscillate at a frequency near one of the natural
frequencies of the bridge structure. (b) Once established, this resonance condition led
to the bridge’s collapse.

Many other examples of resonant vibrations can be cited. A resonant vibration that
you may have experienced is the “singing” of telephone wires in the wind. Machines of-
ten break if one vibrating part is in resonance with some other moving part. Soldiers
marching in cadence across a bridge have been known to set up resonant vibrations in
the structure and thereby cause it to collapse. Whenever any real physical system is
driven near its resonance frequency, you can expect oscillations of very large amplitudes.

SUMMARY

When the acceleration of an object is proportional to its position and is in the direc-
tion opposite the displacement from equilibrium, the object moves with simple har-
monic motion. The position x of a simple harmonic oscillator varies periodically in
time according to the expression

x(f) = A cos(wt + ¢) (15.8)

where A is the amplitude of the motion, w is the angular frequency, and ¢ is the
phase constant. The value of ¢ depends on the initial position and initial velocity of
the oscillator.

The time interval 7'needed for one complete oscillation is defined as the period of
the motion:

o

T (15.10)

w

A block-spring system moves in simple harmonic motion on a frictionless surface with

a period
T=E=27r'\/ﬁ (15.13)
w k

The inverse of the period is the frequency of the motion, which equals the number of
oscillations per second.
The velocity and acceleration of a simple harmonic oscillator are

d
v=7’:= — wAsin(wt + ¢) (15.15)
d? .
a= dt;c = — wA cos(wt + ¢) (15.16)

v=*w\VA2 — x2 (15.22)

Thus, the maximum speed is wA, and the maximum acceleration is ®?A. The speed is
zero when the oscillator is at its turning points x = *A and is a2 maximum when the



oscillator is at the equilibrium position x = 0. The magnitude of the acceleration is a
maximum at the turning points and zero at the equilibrium position.

The kinetic energy and potential energy for a simple harmonic oscillator vary with
time and are given by

K= %mv2 = %ma)QA2 sin? (wt + ) (15.19)
U= %]zx2 = %kA2 cos?(wt + ¢) (16.20)

The total energy of a simple harmonic oscillator is a constant of the motion and is
given by
E = $kA? (15.21)
The potential energy of the oscillator is a maximum when the oscillator is at its turning
points and is zero when the oscillator is at the equilibrium position. The kinetic energy
is zero at the turning points and a maximum at the equilibrium position.

A simple pendulum of length L moves in simple harmonic motion for small angu-
lar displacements from the vertical. Its period is

T=9n \/i (15.26)
g

For small angular displacements from the vertical, a physical pendulum moves in
simple harmonic motion about a pivot that does not go through the center of mass.

The period of this motion is
/ I
T=27\—— (15.28)
mgd

where /is the moment of inertia about an axis through the pivot and d is the distance
from the pivot to the center of mass.

If an oscillator experiences a damping force R = —bv, its position for small damp-
ing is described by
b
x= Ae ' cos(wl + ) (15.32)
where
k b \?
w=\—- <7> (15.88)
m 2m

If an oscillator is subject to a sinusoidal driving force F(¢) = Fy sin wt, it exhibits
resonance, in which the amplitude is largest when the driving frequency matches the
natural frequency of the oscillator.

Questions

475

1. Is a bouncing ball an example of simple harmonic motion? 5. Can the amplitude A and phase constant ¢ be determined
Is the daily movement of a student from home to school for an oscillator if only the position is specified at ¢ = 0?
and back simple harmonic motion? Why or why not? Explain.

If the coordinate of a particle varies as x = — A cos wi, 6. Describe qualitatively the motion of a block-spring system

what is the phase constant in Equation 15.6? At what posi-
tion is the particle at ¢ = 0?

when the mass of the spring is not neglected.

7. A block is hung on a spring, and the frequency fof the os-

. Does the displacement of an oscillating particle between
¢ =0 and a later time ¢ necessarily equal the position of
the particle at time ¢? Explain.

Determine whether or not the following quantities can be

in the same direction for a simple harmonic oscillator:
(a) position and velocity, (b) velocity and acceleration,
(c) position and acceleration.

cillation of the system is measured. The block, a second
identical block, and the spring are carried in the Space
Shuttle to space. The two blocks are attached to the ends
of the spring, and the system is taken out into space on a
space walk. The spring is extended, and the system is re-
leased to oscillate while floating in space. What is the fre-
quency of oscillation for this system, in terms of f?
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10.

11.

12.

13.

14.
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. A block—spring system undergoes simple harmonic motion
with amplitude A. Does the total energy change if the mass
is doubled but the amplitude is not changed? Do the ki-
netic and potential energies depend on the mass? Explain.

. The equations listed in Table 2.2 give position as a function
of time, velocity as a function of time, and velocity as func-
tion of position for an object moving in a straight line with
constant acceleration. The quantity v,; appears in every
equation. Do any of these equations apply to an object mov-
ing in a straight line with simple harmonic motion? Using a
similar format, make a table of equations describing simple
harmonic motion. Include equations giving acceleration as a
function of time and acceleration as a function of position.
State the equations in such a form that they apply equally to
a block-spring system, to a pendulum, and to other vibrating
systems. What quantity appears in every equation?

What happens to the period of a simple pendulum if the
pendulum’s length is doubled? What happens to the pe-
riod if the mass of the suspended bob is doubled?

A simple pendulum is suspended from the ceiling of a
stationary elevator, and the period is determined. Des-
cribe the changes, if any, in the period when the elevator
(a) accelerates upward, (b) accelerates downward, and
(c) moves with constant velocity.

Imagine that a pendulum is hanging from the ceiling of a
car. As the car coasts freely down a hill, is the equilibrium
position of the pendulum vertical? Does the period of os-
cillation differ from that in a stationary car?

A simple pendulum undergoes simple harmonic motion
when 6 is small. Is the motion periodic when 6 is large?
How does the period of motion change as 6 increases?

If a grandfather clock were running slow, how could we ad-
just the length of the pendulum to correct the time?

15.

Will damped oscillations occur for any values of b and k?
Explain.

16.|Is it possible to have damped oscillations when a system is

17.

18.

19.

20.

21.

at resonance? Explain.

At resonance, what does the phase constant ¢ equal in
Equation 15.35? (Suggestion: Compare this equation with
the expression for the driving force, which must be in
phase with the velocity at resonance.)

You stand on the end of a diving board and bounce to set
it into oscillation. You find a maximum response, in terms
of the amplitude of oscillation of the end of the board,
when you bounce at frequency f You now move to the
middle of the board and repeat the experiment. Is the res-
onance frequency for forced oscillations at this point
higher, lower, or the same as /? Why?

Some parachutes have holes in them to allow air to move
smoothly through the chute. Without the holes, the air
gathered under the chute as the parachutist falls is
sometimes released from under the edges of the chute
alternately and periodically from one side and then the
other. Why might this periodic release of air cause a
problem?

You are looking at a small tree. You do not notice any
breeze, and most of the leaves on the tree are motionless.
However, one leaf is fluttering back and forth wildly. After
you wait for a while, that leaf stops moving and you notice
a different leaf moving much more than all the others.
Explain what could cause the large motion of one particu-
lar leaf.

A pendulum bob is made with a sphere filled with water.
What would happen to the frequency of vibration of this
pendulum if there were a hole in the sphere that allowed
the water to leak out slowly?

PROBLEMS

1, 2, 3 = straightforward, intermediate, challenging |:| = full solution available in the Student Solutions Manual and Study Guide

Zﬁ = coached solution with hints available at http://www.pse6.com E = computer useful in solving problem

= paired numerical and symbolic problems

Note: Neglect the mass of every spring, except in problems
66 and 68.

Section 15.1

Motion of an Object Attached
to a Spring

Problems 15, 16, 19, 23, 56, and 62 in Chapter 7 can also
be assigned with this section.

1

. A ball dropped from a height of 4.00 m makes a perfectly
elastic collision with the ground. Assuming no mechanical
energy is lost due to air resistance, (a) show that the ensu-
ing motion is periodic and (b) determine the period of
the motion. (c) Is the motion simple harmonic? Explain.

Section 15.2 Mathematical Representation

2.

of Simple Harmonic Motion

In an engine, a piston oscillates with simple harmonic mo-
tion so that its position varies according to the expression

x = (5.00 cm)cos(2t + 7/6)

where x is in centimeters and ¢ is in seconds. At ¢ = 0,
find (a) the position of the piston, (b) its velocity, and
(c) its acceleration. (d) Find the period and amplitude of
the motion.

The position of a particle is given by the expression

x = (4.00 m)cos(3.00 7t + ), where x is in meters and ¢ is
in seconds. Determine (a) the frequency and period of the
motion, (b) the amplitude of the motion, (c) the phase
constant, and (d) the position of the particle at t = 0.250 s.



4. (a) A hanging spring stretches by 35.0 cm when an object

of mass 450 g is hung on it at rest. In this situation, we de-
fine its position as x = 0. The object is pulled down an ad-
ditional 18.0 cm and released from rest to oscillate without
friction. What is its position x at a time 84.4s later?
(b) What If? A hanging spring stretches by 35.5 cm when
an object of mass 440 g is hung on it at rest. We define this
new position as x = 0. This object is also pulled down an
additional 18.0 cm and released from rest to oscillate with-
out friction. Find its position 84.4 s later. (c) Why are the
answers to (a) and (b) different by such a large percentage
when the data are so similar? Does this circumstance reveal
a fundamental difficulty in calculating the future? (d) Find
the distance traveled by the vibrating object in part (a).
(e) Find the distance traveled by the object in part (b).

Zﬂ A particle moving along the x axis in simple har-
monic motion starts from its equilibrium position, the ori-
gin, at ¢ = 0 and moves to the right. The amplitude of its
motion is 2.00 cm, and the frequency is 1.50 Hz. (a) Show
that the position of the particle is given by

x = (2.00 cm)sin(3.007r¢)

Determine (b) the maximum speed and the earliest time
(¢> 0) at which the particle has this speed, (c) the maxi-
mum acceleration and the earliest time (¢ > 0) at which
the particle has this acceleration, and (d) the total dis-
tance traveled between ¢t = 0 and ¢ = 1.00 s.

5. The initial position, velocity, and acceleration of an object
moving in simple harmonic motion are x; v; and a;; the
angular frequency of oscillation is w. (a) Show that the
position and velocity of the object for all time can be
written as

o
x(l) = x; cos wt + <4> sin wt
0}

v(t) = —x,wsin wt + v; cos wt
(b) If the amplitude of the motion is A, show that

v — ax = v;2 — ax; = w*A?

. A simple harmonic oscillator takes 12.0 s to undergo five
complete vibrations. Find (a) the period of its motion,
(b) the frequency in hertz, and (c) the angular frequency
in radians per second.

. Avibration sensor, used in testing a washing machine, con-
sists of a cube of aluminum 1.50 cm on edge mounted on
one end of a strip of spring steel (like a hacksaw blade)
that lies in a vertical plane. The mass of the strip is small
compared to that of the cube, but the length of the strip is
large compared to the size of the cube. The other end of
the strip is clamped to the frame of the washing machine,
which is not operating. A horizontal force of 1.43 N ap-
plied to the cube is required to hold it 2.75 cm away from
its equilibrium position. If the cube is released, what is its
frequency of vibration?

A 7.00-kg object is hung from the bottom end of a vertical

spring fastened to an overhead beam. The object is set into
vertical oscillations having a period of 2.60s. Find the
force constant of the spring.

10.

Problems 477

A piston in a gasoline engine is in simple harmonic
motion. If the extremes of its position relative to its center
point are *5.00 cm, find the maximum velocity and
acceleration of the piston when the engine is running at
the rate of 3 600 rev/min.

A 0.500-kg object attached to a spring with a force constant

12.

13.

14.

of 8.00 N/m vibrates in simple harmonic motion with an
amplitude of 10.0 cm. Calculate (a) the maximum value of
its speed and acceleration, (b) the speed and acceleration
when the object is 6.00 cm from the equilibrium position,
and (c) the time interval required for the object to move
from x = 0 to x = 8.00 cm.

A 1.00-kg glider attached to a spring with a force constant
of 25.0 N/m oscillates on a horizontal, frictionless air
track. At ¢t=0 the glider is released from rest at
x = —3.00cm. (That is, the spring is compressed by
3.00 cm.) Find (a) the period of its motion, (b) the maxi-
mum values of its speed and acceleration, and (c) the posi-
tion, velocity, and acceleration as functions of time.

A 1.00-kg object is attached to a horizontal spring. The
spring is initially stretched by 0.100 m, and the object is re-
leased from rest there. It proceeds to move without fric-
tion. The next time the speed of the object is zero is
0.500 s later. What is the maximum speed of the object?

A particle that hangs from a spring oscillates with an angu-
lar frequency w. The spring is suspended from the ceiling
of an elevator car and hangs motionless (relative to the
elevator car) as the car descends at a constant speed v. The
car then stops suddenly. (a) With what amplitude does the
particle oscillate? (b) What is the equation of motion for
the particle? (Choose the upward direction to be positive.)

Section 15.3 Energy of the Simple Harmonic

15.

16.

17 /7

18.

19.

Oscillator

A block of unknown mass is attached to a spring with a
spring constant of 6.50 N/m and undergoes simple har-
monic motion with an amplitude of 10.0 cm. When the
block is halfway between its equilibrium position and the
end point, its speed is measured to be 30.0 cm/s. Calculate
(a) the mass of the block, (b) the period of the motion,
and (c) the maximum acceleration of the block.

A 200-g block is attached to a horizontal spring and executes
simple harmonic motion with a period of 0.250 s. If the total
energy of the system is 2.00 ], find (a) the force constant of
the spring and (b) the amplitude of the motion.

¥ An automobile having a mass of 1000 kg is driven
into a brick wall in a safety test. The bumper behaves like a
spring of force constant 5.00 X 10° N/m and compresses
3.16 cm as the car is brought to rest. What was the speed
of the car before impact, assuming that no mechanical
energy is lost during impact with the wall?

A block-spring system oscillates with an amplitude of
3.50 cm. If the spring constant is 250 N/m and the mass of
the block is 0.500 kg, determine (a) the mechanical en-
ergy of the system, (b) the maximum speed of the block,
and (c) the maximum acceleration.

A 50.0-g object connected to a spring with a force constant
of 35.0 N/m oscillates on a horizontal, frictionless surface
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20.

21.

22.
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with an amplitude of 4.00 cm. Find (a) the total energy of
the system and (b) the speed of the object when the posi-
tion is 1.00 cm. Find (c) the kinetic energy and (d) the po-
tential energy when the position is 3.00 cm.

A 2.00-kg object is attached to a spring and placed on a
horizontal, smooth surface. A horizontal force of 20.0 N is
required to hold the object at rest when it is pulled
0.200 m from its equilibrium position (the origin of the x
axis). The object is now released from rest with an initial
position of x; = 0.200 m, and it subsequently undergoes
simple harmonic oscillations. Find (a) the force constant
of the spring, (b) the frequency of the oscillations, and
(c) the maximum speed of the object. Where does this
maximum speed occur? (d) Find the maximum accelera-
tion of the object. Where does it occur? (e) Find the total
energy of the oscillating system. Find (f) the speed and
(g) the acceleration of the object when its position is equal
to one third of the maximum value.

The amplitude of a system moving in simple harmonic mo-
tion is doubled. Determine the change in (a) the total
energy, (b) the maximum speed, (c) the maximum accel-
eration, and (d) the period.

A 65.0-kg bungee jumper steps off a bridge with a light
bungee cord tied to herself and to the bridge (Figure
P15.22). The unstretched length of the cord is 11.0 m. She
reaches the bottom of her motion 36.0 m below the bridge
before bouncing back. Her motion can be separated into
an 11.0-m free fall and a 25.0-m section of simple har-
monic oscillation. (a) For what time interval is she in free
fall> (b) Use the principle of conservation of energy to
find the spring constant of the bungee cord. (c) What is
the location of the equilibrium point where the spring
force balances the gravitational force acting on the
jumper? Note that this point is taken as the origin in our
mathematical description of simple harmonic oscillation.
(d) What is the angular frequency of the oscillation?
(e) What time interval is required for the cord to stretch
by 25.0 m? (f) What is the total time interval for the entire
36.0-m drop?

Telegraph Colour Library / FPG International

A particle executes simple harmonic motion with an am-
plitude of 3.00 cm. At what position does its speed equal
half its maximum speed?

24. A cart attached to a spring with constant 3.24 N/m vibrates
with position given by x = (5.00 cm) cos(3.60¢trad/s).
(a) During the first cycle, for 0 <¢<1.75 s, just when is
the system’s potential energy changing most rapidly into
kinetic energy? (b) What is the maximum rate of energy
transformation?

Section 15.4 Comparing Simple Harmonic Motion
with Uniform Circular Motion

25. While riding behind a car traveling at 3.00 m/s, you notice
that one of the car’s tires has a small hemispherical bump
on its rim, as in Figure P15.25. (a) Explain why the bump,
from your viewpoint behind the car, executes simple har-
monic motion. (b) If the radii of the car’s tires are
0.300 m, what is the bump’s period of oscillation?

Figure P15.25

26. Consider the simplified single-piston engine in Figure
P15.26. If the wheel rotates with constant angular speed,
explain why the piston rod oscillates in simple harmonic
motion.

Piston

N
".

Figure P15.26

Section 15.5 The Pendulum

Problem 60 in Chapter 1 can also be assigned with this
section.




27.

28.

29.

30.

A man enters a tall tower, needing to know its height. He
notes that a long pendulum extends from the ceiling
almost to the floor and that its period is 12.0s. (a) How
tall is the tower? (b) What If? If this pendulum is taken to
the Moon, where the free-fall acceleration is 1.67 m/s2,
what is its period there?

A “seconds pendulum” is one that moves through its
equilibrium position once each second. (The period of
the pendulum is precisely 2 s.) The length of a seconds
pendulum is 0.992 7 m at Tokyo, Japan and 0.994 2 m at
Cambridge, England. What is the ratio of the free-fall ac-
celerations at these two locations?

A rigid steel frame above a street intersection supports
standard traffic lights, each of which is hinged to hang im-
mediately below the frame. A gust of wind sets a light
swinging in a vertical plane. Find the order of magnitude
of'its period. State the quantities you take as data and their
values.

The angular position of a pendulum is represented by the
equation 6 = (0.320 rad)cos wt, where 0 is in radians and
o = 4.43 rad/s. Determine the period and length of the
pendulum.

Zﬁ A simple pendulum has a mass of 0.250 kg and a
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length of 1.00 m. It is displaced through an angle of 15.0°
and then released. What are (a) the maximum speed,
(b) the maximum angular acceleration, and (c) the maxi-
mum restoring force? What If? Solve this problem by us-
ing the simple harmonic motion model for the motion of
the pendulum, and then solve the problem more precisely
by using more general principles.

Review problem. A simple pendulum is 5.00 m long.
(a) What is the period of small oscillations for this pendu-
lum if it is located in an elevator accelerating upward at
5.00 m/s2? (b) What is its period if the elevator is acceler-
ating downward at 5.00 m/s?? (c) What is the period of
this pendulum if it is placed in a truck that is accelerating
horizontally at 5.00 m/s%?

A particle of mass m slides without friction inside a hemi-

34.

spherical bowl of radius R. Show that, if it starts from rest
with a small displacement from equilibrium, the particle
moves in simple harmonic motion with an angular fre-
quency equal to that of a simple pendulum of length R.

Thatis, o = Vg/R.

L1 A small object is attached to the end of a string to
form a simple pendulum. The period of its harmonic mo-
tion is measured for small angular displacements and
three lengths, each time clocking the motion with a stop-
watch for 50 oscillations. For lengths of 1.000 m, 0.750 m,
and 0.500 m, total times of 99.8 s, 86.6 s, and 71.1 s are
measured for 50 oscillations. (a) Determine the period of
motion for each length. (b) Determine the mean value of
g obtained from these three independent measurements,
and compare it with the accepted value. (c) Plot T2 versus
L, and obtain a value for g from the slope of your best-fit
straight-line graph. Compare this value with that obtained
in part (b).
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A physical pendulum in the form of a planar body moves

36.

37.

38.

39.

in simple harmonic motion with a frequency of 0.450 Hz.
If the pendulum has a mass of 2.20 kg and the pivot is
located 0.350 m from the center of mass, determine the
moment of inertia of the pendulum about the pivot point.

A very light rigid rod with a length of 0.500 m extends
straight out from one end of a meter stick. The stick is
suspended from a pivot at the far end of the rod and is set
into oscillation. (a) Determine the period of oscillation.
Suggestion: Use the parallel-axis theorem from Section 10.5.
(b) By what percentage does the period differ from the
period of a simple pendulum 1.00 m long?

Consider the physical pendulum of Figure 15.18. (a) If its
moment of inertia about an axis passing through its center
of mass and parallel to the axis passing through its pivot
point is Iy, show that its period is

/1 + md?
T=974 M0
mgd

where d is the distance between the pivot point and center
of mass. (b) Show that the period has a minimum value
when d satisfies md? = Iy,

A torsional pendulum is formed by taking a meter stick of
mass 2.00 kg, and attaching to its center a wire. With its
upper end clamped, the vertical wire supports the stick as
the stick turns in a horizontal plane. If the resulting
period is 3.00 minutes, what is the torsion constant for
the wire?

A clock balance wheel (Fig. P15.39) has a period of oscilla-
tion of 0.250 s. The wheel is constructed so that its mass of
20.0 g is concentrated around a rim of radius 0.500 cm.
What are (a) the wheel’s moment of inertia and (b) the
torsion constant of the attached spring?

Figure P15.39

George Semple
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Section 15.6 Damped Oscillations

40.

41.

42.

43.

Show that the time rate of change of mechanical energy
for a damped, undriven oscillator is given by dE/dt = — bv?
and hence is always negative. Proceed as follows: Differen-
tiate the expression for the mechanical energy of an oscil-
lator, E = %va + %ka, and use Equation 15.31.

A pendulum with a length of 1.00 m is released from an
initial angle of 15.0°. After 1 000 s, its amplitude has been
reduced by friction to 5.50°. What is the value of 4/2m?

Show that Equation 15.32 is a solution of Equation 15.31
provided that b? < 4mk.

A 10.6-kg object oscillates at the end of a vertical spring
that has a spring constant of 2.05 X 10* N/m. The effect
of air resistance is represented by the damping coefficient
b=300N-s/m. (a) Calculate the frequency of the
damped oscillation. (b) By what percentage does the am-
plitude of the oscillation decrease in each cycle? (c) Find
the time interval that elapses while the energy of the sys-
tem drops to 5.00% of its initial value.

Section 15.7 Forced Oscillations

44.

45.

46.

47.

48.

49.

The front of her sleeper wet from teething, a baby rejoices
in the day by crowing and bouncing up and down in her
crib. Her mass is 12.5 kg, and the crib mattress can be
modeled as a light spring with force constant 4.30 kN/m.
(a) The baby soon learns to bounce with maximum ampli-
tude and minimum effort by bending her knees at what
frequency? (b) She learns to use the mattress as a trampo-
line—losing contact with it for part of each cycle—when
her amplitude exceeds what value?

A 2.00-kg object attached to a spring moves without
friction and is driven by an external force given by F=
(3.00 N)sin(27rt). If the force constant of the spring is
20.0 N/m, determine (a) the period and (b) the ampli-
tude of the motion.

Considering an undamped, forced oscillator (& = 0), show
that Equation 15.35 is a solution of Equation 15.34, with
an amplitude given by Equation 15.36.

A weight of 40.0 N is suspended from a spring that has a
force constant of 200 N/m. The system is undamped and is
subjected to a harmonic driving force of frequency 10.0 Hz,
resulting in a forced-motion amplitude of 2.00 cm.
Determine the maximum value of the driving force.
Damping is negligible for a 0.150-kg object hanging from a
light 6.30-N/m spring. A sinusoidal force with an ampli-
tude of 1.70 N drives the system. At what frequency will the
force make the object vibrate with an amplitude of
0.440 m?

You are a research biologist. You take your emergency
pager along to a fine restaurant. You switch the small
pager to vibrate instead of beep, and you put it into a
side pocket of your suit coat. The arm of your chair
presses the light cloth against your body at one spot. Fab-
ric with a length of 8.21 cm hangs freely below that spot,
with the pager at the bottom. A coworker urgently needs
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instructions and calls you from your laboratory. The mo-
tion of the pager makes the hanging part of your coat
swing back and forth with remarkably large amplitude.
The waiter and nearby diners notice immediately and fall
silent. Your daughter pipes up and says, “Daddy, look!
Your cockroaches must have gotten out again!” Find the
frequency at which your pager vibrates.

Four people, each with a mass of 72.4 kg, are in a car with
a mass of 1 130 kg. An earthquake strikes. The driver man-
ages to pull off the road and stop, as the vertical oscilla-
tions of the ground surface make the car bounce up and
down on its suspension springs. When the frequency of the
shaking is 1.80 Hz, the car exhibits a maximum amplitude
of vibration. The earthquake ends, and the four people
leave the car as fast as they can. By what distance does the
car’s undamaged suspension lift the car body as the people
get out?

Additional Problems

A small ball of mass M is attached to the end of a uniform

rod of equal mass M and length L that is pivoted at the top
(Fig. P15.51). (a) Determine the tensions in the rod at the
pivot and at the point P when the system is stationary.
(b) Calculate the period of oscillation for small displace-
ments from equilibrium, and determine this period for
L = 2.00 m. (Suggestions: Model the object at the end of
the rod as a particle and use Eq. 15.28.)

I~ Pivot
P
e
y
M 70

Figure P15.51

An object of mass m; = 9.00 kg is in equilibrium while
connected to a light spring of constant £ = 100 N/m that
is fastened to a wall as shown in Figure P15.52a. A second
object, mg = 7.00 kg, is slowly pushed up against m;, com-
pressing the spring by the amount A = 0.200 m, (see Fig-
ure P15.52b). The system is then released, and both ob-
jects start moving to the right on the frictionless surface.
(a) When m; reaches the equilibrium point, mg loses con-
tact with m; (see Fig. P15.5¢) and moves to the right with
speed v. Determine the value of v. (b) How far apart are
the objects when the spring is fully stretched for the first
time (D in Fig. P15.52d)? (Suggestion: First determine the
period of oscillation and the amplitude of the m;—spring
system after mo loses contact with m.)
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55.

(a)

(b)

(d)

l | |
Figure P15.52

Zﬁ A large block P executes horizontal simple harmonic
motion as it slides across a frictionless surface with a fre-
quency f= 1.50 Hz. Block B rests on it, as shown in Figure
P15.53, and the coefficient of static friction between the
two is u; = 0.600. What maximum amplitude of oscillation
can the system have if block Bis not to slip?

Figure P15.53 Problems 53 and 54.

A large block P executes horizontal simple harmonic mo-
tion as it slides across a frictionless surface with a fre-
quency f. Block B rests on it, as shown in Figure P15.53,
and the coefficient of static friction between the two is u.
What maximum amplitude of oscillation can the system
have if the upper block is not to slip?

The mass of the deuterium molecule (Dy) is twice that of
the hydrogen molecule (Hy). If the vibrational frequency
of Hy is 1.30 X 10 Hz, what is the vibrational frequency
of Dy? Assume that the “spring constant” of attracting
forces is the same for the two molecules.

Problems 481

56. A solid sphere (radius = R) rolls without slipping in a

57.

58.

cylindrical trough (radius = 5R) as shown in Figure
P15.56. Show that, for small displacements from equilib-
rium perpendicular to the length of the trough, the
sphere executes simple harmonic motion with a period
T = 27\28R/5g.

Figure P15.56

A light, cubical container of volume @ is initially filled

with a liquid of mass density p. The cube is initially sup-
ported by a light string to form a simple pendulum of
length L;, measured from the center of mass of the filled
container, where L; > a. The liquid is allowed to flow
from the bottom of the container at a constant rate
(dM/dt). At any time ¢, the level of the fluid in the con-
tainer is / and the length of the pendulum is L (measured
relative to the instantaneous center of mass). (a) Sketch
the apparatus and label the dimensions a, k, L;, and L.
(b) Find the time rate of change of the period as a func-
tion of time ¢ (c) Find the period as a function of time.

After a thrilling plunge, bungee-jumpers bounce freely on
the bungee cord through many cycles (Fig. P15.22). After
the first few cycles, the cord does not go slack. Your little
brother can make a pest of himself by figuring out the
mass of each person, using a proportion which you set up
by solving this problem: An object of mass m is oscillating
freely on a vertical spring with a period 7. An object of un-
known mass m’ on the same spring oscillates with a period
T'. Determine (a) the spring constant and (b) the un-
known mass.

A pendulum of length L and mass M has a spring of force

constant k connected to it at a distance % below its point of
suspension (Fig. P15.59). Find the frequency of vibration

Y

J

Figure P15.59
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of the system for small values of the amplitude (small 6).
Assume the vertical suspension of length L is rigid, but ig-
nore its mass.

A particle with a mass of 0.500 kg is attached to a spring
with a force constant of 50.0 N/m. At time = 0 the
particle has its maximum speed of 20.0 m/s and is moving
to the left. (a) Determine the particle’s equation of
motion, specifying its position as a function of time.
(b) Where in the motion is the potential energy three
times the kinetic energy? (c) Find the length of a simple
pendulum with the same period. (d) Find the minimum
time interval required for the particle to move from x = 0
to x = 1.00 m.

A horizontal plank of mass m and length L is pivoted at one
end. The plank’s other end is supported by a spring of force
constant k (Fig P15.61). The moment of inertia of the plank
about the pivot is émLQ. The plank is displaced by a small an-
gle 0 from its horizontal equilibrium position and released.
(a) Show that it moves with simple harmonic motion with an
angular frequency o = V3k/m. (b) Evaluate the frequency if
the mass is 5.00 kg and the spring has a force constant of
100 N/m.

Figure P15.61

Review problem. A particle of mass 4.00 kg is attached to
a spring with a force constant of 100 N/m. It is oscillating
on a horizontal frictionless surface with an amplitude of
2.00 m. A 6.00-kg object is dropped vertically on top of the
4.00-kg object as it passes through its equilibrium point.
The two objects stick together. (a) By how much does the
amplitude of the vibrating system change as a result of the
collision? (b) By how much does the period change?
(c) By how much does the energy change? (d) Account for
the change in energy.

A simple pendulum with a length of 2.23 m and a mass of

64.

6.74 kg is given an initial speed of 2.06 m/s at its equilib-
rium position. Assume it undergoes simple harmonic
motion, and determine its (a) period, (b) total energy, and
(c) maximum angular displacement.

Review problem. One end of a light spring with force con-
stant 100 N/m is attached to a vertical wall. A light string is
tied to the other end of the horizontal spring. The string
changes from horizontal to vertical as it passes over a solid
pulley of diameter 4.00 cm. The pulley is free to turn on a
fixed smooth axle. The vertical section of the string sup-
ports a 200-g object. The string does not slip at its contact
with the pulley. Find the frequency of oscillation of the
object if the mass of the pulley is (a) negligible, (b) 250 g,
and (c) 750 g.

65.

66.

68.

People who ride motorcycles and bicycles learn to look out
for bumps in the road, and especially for washboarding, a
condition in which many equally spaced ridges are worn
into the road. What is so bad about washboarding? A mo-
torcycle has several springs and shock absorbers in its sus-
pension, but you can model it as a single spring supporting
a block. You can estimate the force constant by thinking
about how far the spring compresses when a big biker sits
down on the seat. A motorcyclist traveling at highway
speed must be particularly careful of washboard bumps
that are a certain distance apart. What is the order of mag-
nitude of their separation distance? State the quantities
you take as data and the values you measure or estimate
for them.

A block of mass M is connected to a spring of mass m
and oscillates in simple harmonic motion on a horizon-
tal, frictionless track (Fig. P15.66). The force constant of
the spring is k and the equilibrium length is £. Assume
that all portions of the spring oscillate in phase and that
the velocity of a segment dx is proportional to the dis-
tance x from the fixed end; that is, v, = (x/€)v. Also,
note that the mass of a segment of the spring
is dm = (m/€)dx. Find (a) the kinetic energy of the
system when the block has a speed v and (b) the period
of oscillation.

dx

i
AN o

Figure P15.66

Zﬁ A ball of mass m is connected to two rubber bands of
length L, each under tension 7, as in Figure P15.67. The
ball is displaced by a small distance y perpendicular to the
length of the rubber bands. Assuming that the tension
does not change, show that (a) the restoring force
is — (27T/L)y and (b) the system exhibits simple harmonic

motion with an angular frequency w = 27/ mL.
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Figure P15.67

m When a block of mass M, connected to the end of a
spring of mass m; = 7.40 g and force constant &, is set into
simple harmonic motion, the period of its motion is

T=9m ’M-i— (kms/S)

A two-part experiment is conducted with the use of
blocks of various masses suspended vertically from the



spring, as shown in Figure P15.68. (a) Static extensions
of 17.0, 29.3, 35.3, 41.3, 47.1, and 49.3 cm are measured
for M values of 20.0, 40.0, 50.0, 60.0, 70.0, and 80.0 g, re-
spectively. Construct a graph of Mg versus x, and per-
form a linear least-squares fit to the data. From the slope
of your graph, determine a value for k for this spring.
(b) The system is now set into simple harmonic motion,
and periods are measured with a stopwatch. With
M = 80.0 g, the total time for 10 oscillations is measured
to be 13.41 s. The experiment is repeated with M values
of 70.0, 60.0, 50.0, 40.0, and 20.0 g, with corresponding
times for 10 oscillations of 12.52, 11.67, 10.67, 9.62, and
7.03 s. Compute the experimental value for 7 from each
of these measurements. Plot a graph of T2 versus M, and
determine a value for k from the slope of the linear least-
squares fit through the data points. Compare this value
of k with that obtained in part (a). (c) Obtain a value for
my from your graph and compare it with the given value
of 7.40 g.

-]

Figure P15.68

A smaller disk of radius r and mass m is attached rigidly to

the face of a second larger disk of radius R and mass M as
shown in Figure P15.69. The center of the small disk is
located at the edge of the large disk. The large disk is
mounted at its center on a frictionless axle. The assembly is
rotated through a small angle 6 from its equilibrium position
and released. (a) Show that the speed of the center of the
small disk as it passes through the equilibrium position is

_ 2[ Rg(1 — cos 0) ]1/2
YT M ¥ /RE T 2

(b) Show that the period of the motion is

. [ (M + 2m)R? + mr? }1/2
T=2m
2mgR

M
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Figure P15.69
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Problems 483

Consider a damped oscillator as illustrated in Figures
15.21 and 15.22. Assume the mass is 375 g, the spring
constant is 100 N/m, and & = 0.100 N-s/m. (a) How
long does it takes for the amplitude to drop to half its
initial value? (b) What If? How long does it take for the
mechanical energy to drop to half its initial value?
(c) Show that, in general, the fractional rate at which the
amplitude decreases in a damped harmonic oscillator is
half the fractional rate at which the mechanical energy
decreases.

A block of mass m is connected to two springs of force con-
stants k; and kg as shown in Figures P15.71a and P15.71b.
In each case, the block moves on a frictionless table after it
is displaced from equilibrium and released. Show that in
the two cases the block exhibits simple harmonic motion
with periods

(a) T= 277\/7’"(’” L)
kikg
T=2m "
Nk + ko

()

Figure P15.71

. A lobsterman’s buoy is a solid wooden cylinder of radius r

and mass M. It is weighted at one end so that it floats up-
right in calm sea water, having density p. A passing shark
tugs on the slack rope mooring the buoy to a lobster trap,
pulling the buoy down a distance x from its equilibrium
position and releasing it. Show that the buoy will execute
simple harmonic motion if the resistive effects of the
water are neglected, and determine the period of the
oscillations.

L] Consider a bob on a light stiff rod, forming a simple
pendulum of length L = 1.20 m. It is displaced from the
vertical by an angle 6,,,x and then released. Predict the
subsequent angular positions if 0,,y is small or if it is large.
Proceed as follows: Set up and carry out a numerical
method to integrate the equation of motion for the simple
pendulum:
d%e g

W: —Tsil’le
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Take the initial conditions to be 6 = 6, and df/dt = 0 at
t = 0. On one trial choose 6,,,x = 5.00°, and on another
trial take 6,,x = 100°. In each case find the position 6 as a
function of time. Using the same values of 6,,,x, compare
your results for 6 with those obtained from 6(¢) =
Omax cos wt. How does the period for the large value of
Omax compare with that for the small value of 6,,,? Note:
Using the Euler method to solve this differential equation,
you may find that the amplitude tends to increase with
time. The fourth-order Runge-Kutta method would be a
better choice to solve the differential equation. However, if
you choose At small enough, the solution using Euler’s
method can still be good.

74. Your thumb squeaks on a plate you have just washed. Your

sneakers often squeak on the gym floor. Car tires squeal
when you start or stop abruptly. You can make a goblet
sing by wiping your moistened finger around its rim. As
you slide it across the table, a Styrofoam cup may not make
much sound, but it makes the surface of some water inside
it dance in a complicated resonance vibration. When chalk
squeaks on a blackboard, you can see that it makes a row
of regularly spaced dashes. As these examples suggest, vi-
bration commonly results when friction acts on a moving
elastic object. The oscillation is not simple harmonic mo-
tion, but is called stick-and-slip. This problem models stick-
and-slip motion.

A block of mass m is attached to a fixed support by a
horizontal spring with force constant k and negligible mass
(Fig. P15.74). Hooke’s law describes the spring both in
extension and in compression. The block sits on a long
horizontal board, with which it has coefficient of static
friction w, and a smaller coefficient of kinetic friction .
The board moves to the right at constant speed v. Assume
that the block spends most of its time sticking to the board
and moving to the right, so that the speed vis small in com-
parison to the average speed the block has as it slips back
toward the left. (a) Show that the maximum extension of
the spring from its unstressed position is very nearly given
by ugmg/k. (b) Show that the block oscillates around an
equilibrium position at which the spring is stretched by
wrmg/ k. (c) Graph the block’s position versus time.
(d) Show that the amplitude of the block’s motion is

(ms — pg) mg
k

A=
(e) Show that the period of the block’s motion is

_ 2 g

m
\ ’7
vk k

(f) Evaluate the frequency of the motion if wu,= 0.400,
mr = 0250, m=0300kg, k=120N/m, and v=
2.40 cm/s. (g) What If? What happens to the frequency if
the mass increases? (h) If the spring constant increases?
(i) If the speed of the board increases? (j) If the coefficient
of static friction increases relative to the coefficient of ki-
netic friction? Note that it is the excess of static over kinetic
friction that is important for the vibration. “The squeaky
wheel gets the grease” because even a viscous fluid cannot
exert a force of static friction.

T

Figure P15.74

75. Review problem. Imagine that a hole is drilled through

the center of the Earth to the other side. An object of mass
m at a distance r from the center of the Earth is pulled to-
ward the center of the Earth only by the mass within the
sphere of radius r (the reddish region in Fig. P15.75).
(a) Write Newton’s law of gravitation for an object at the
distance r from the center of the Earth, and show that the
force on it is of Hooke’s law form, F' = — kr, where the ef-
fective force constant is k= (4/3)mpGm. Here p is the
density of the Earth, assumed uniform, and G is the
gravitational constant. (b) Show that a sack of mail
dropped into the hole will execute simple harmonic mo-
tion if it moves without friction. When will it arrive at the
other side of the Earth?

Earth

Figure P15.75

Answers to Quick Quizzes

15.1 (d). From its maximum positive position to the equilib-

rium position, the block travels a distance A. It then goes
an equal distance past the equilibrium position to its
maximum negative position. It then repeats these two
motions in the reverse direction to return to its original
position and complete one cycle.

15.2 (f). The object is in the region x < 0, so the position is

negative. Because the object is moving back toward the
origin in this region, the velocity is positive.



15.3 (a). The amplitude is larger because the curve for Object
B shows that the displacement from the origin (the verti-
cal axis on the graph) is larger. The frequency is larger
for Object B because there are more oscillations per unit
time interval.

15.4 (a). The velocity is positive, as in Quick Quiz 15.2. Because
the spring is pulling the object toward equilibrium from
the negative x region, the acceleration is also positive.

15.5 (b). According to Equation 15.13, the period is propor-
tional to the square root of the mass.

15.6 (c). The amplitude of the simple harmonic motion is the
same as the radius of the circular motion. The initial posi-
tion of the object in its circular motion is 7 radians from
the positive x axis.

15.7 (a). With a longer length, the period of the pendulum will
increase. Thus, it will take longer to execute each swing,
so that each second according to the clock will take
longer than an actual second—the clock will run slow.
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15.8 (a). At the top of the mountain, the value of gis less than
that at sea level. As a result, the period of the pendulum
will increase and the clock will run slow.

15.9 (a). If your goal is simply to stop the bounce from an ab-
sorbed shock as rapidly as possible, you should critically
damp the suspension. Unfortunately, the stiffness of this
design makes for an uncomfortable ride. If you under-
damp the suspension, the ride is more comfortable but the
car bounces. If you overdamp the suspension, the wheel is
displaced from its equilibrium position longer than it
should be. (For example, after hitting a bump, the spring
stays compressed for a short time and the wheel does not
quickly drop back down into contact with the road after
the wheel is past the bump—a dangerous situation.) Be-
cause of all these considerations, automotive engineers
usually design suspensions to be slightly underdamped.
This allows the suspension to absorb a shock rapidly (mini-
mizing the roughness of the ride) and then return to equi-
librium after only one or two noticeable oscillations.





